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Nearly twenty years ago, while attempting to produce hybrids between 
certain species of the genus Nicotiana, I obtained numerous plants which 
reproduced the maternal species. “The combinations in which this phe- 
nomenon occurred, together with the haploid chromosome numbers of the 
species concerned, were as follows: N. paniculata (12) x N. alata, N. 
Langsdorffii, or N. Sanderae (9); N. paniculata (12) x N. longiflora (10); 
N. Tabacum (24) x N. alata (9); N. Bigelovit (24) x N. sylvestris (12); 
N. rustica (24) x N. Tabacum (24) and N. Tabacum (24) x N. Bigelovii 
(24). Since this time, similar results have been obtained so frequently in 
these and in other combinations that little attention has been paid to 
their occurrence; yet some conclusions can be drawn from the observa- 
tions. 

Maternals do not appear regularly in given combinations, hence en- 
vironmental factors must exert an influence in their production. The 
species concerned do not reproduce by apogamy, and chemical stimulants, 
wounding, and other means of irritation do not force them into apogamous 
reproduction. Maternals appear both when the chromosome numbers 
of the species used are different and when they are the same, both when 
pairing occurs at reduction and when it does not occur. They appear 
both when the species used as female has the higher chromosome number 
and when it has the lower chromosome number; but they appear much 
more frequently in the former case. It is to be noted, however, that they 
appear only when the two species used are quite distinct genetically. In 
a single case, observed some years ago and not examined cytologically, 
the plant obtained was probably haploid. It was small and sterile. In 
all other cases the plants were probably diploid, since they exhibited 
complete fertility. 
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Such observations are not new. Many of the older hybridizers found 
plants of the maternal type among the seedlings produced after endeavoring 
to hybridize two species. Some of the records are questionable, it is true, 
since origin through chance self-pollination or through natural apomixis 
was not excluded. -Nevertheless, numerous instances of ‘‘maternals” 
have been observed where self-pollination has been rigidly excluded and 
where apomixis is not the normal state of affairs. 

It seems probable, then, that these “‘maternals’”’ originate in one of the 
following ways: (1) induced development of diploid eggs; (2) induced 
development of adventitious embryos from the somatic tissue of the 
nucellus; (3) induced development of normal haploid eggs with the 
restoration of the diploid number of chromosomes at an early cell-division ; 
(4) selection by the genom of the mother species of a similar genom from 
among the genoms of a polyploid male nucleus. 

The first (1) interpretation was soon discarded as an explanation of the 
phenomenon observed in Nicotiana, for the following reasons. ‘The cross- 
pollinations which appear to induce the production of the ‘“‘maternals”’ 
are made long after the reduction divisions have occurred, hence they have 
no effect upon meiosis. It is indeed possible that a few diploid eggs are 
formed which require the stimulus of foreign germ plasm for their develop- 
ment. But it is difficult to accept this explanation because capsules with 
a full complement (no ovules missing) of hybrid seeds have been obtained 
when a given plant has been crossed with Species B, while the same plant 
crossed with Species C has produced nearly 100 ‘‘maternals’’ to a capsule. 

Some ten years ago it occurred to me that a choice between interpreta- 
tion two (development of somatic cells) and interpretation three (develop- 
ment of gametic cells) might be made by obtaining “‘maternals”’ through 
crossing a heterozygous plant Aa with a distant species. ‘‘Maternals”’ 
derived from somatic tissue should show the dominant character only. 
Of the “‘maternals’’ derived from gametic tissue approximately half should 
be dominant and half recessive. In the latter case the plants should all 
breed true to the characteristics exhibited. ” J¢rgensen! (1928) has sug- 
gested the same experiment. 

I was unable to discover a satisfactory character to use in the Nicotiana 
experiments. In 1925, however, several ‘‘maternals’’ were found in 
populations where different Fragaria species had been mated. A red- 
fruited, pink-flowered variety of Fragaria vesca (n = 7) was accordingly 
crossed with a white-fruited, white-flowered variety. This cross resulted 
in plants heterozygous for two Mendelian factors known to behave regu- 
larly, color in each case being dominant to lack of color. These plants 
were crossed with pollen from several other species (n = 28 except F. 
indica in which n = 42), and a number of “‘maternals’’ were obtained in 
which the possibility of self-pollination is reduced to a minimum. ‘That 
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TABLE 1 


CHARACTERISTICS OF MATERNAL-TYPE PLANTS OBTAINED BY CROSSING A DOUBLY 
HETEROzYGOUS Fragaria vesca WITH OTHER SPECIES 


MATERNAL TYPES 


POLLEN USED RP Rp rP rp 
F. glauca 1 
F. indica 1 
F. virginiana 1 
F, virginiana 1 
F. virginiana 1 
F. platypetala 1 
F. sq. (Friday Harbor) 2 1 
F. chiloensis 6 5 3 1 
Total 12 7 3 2 


is to say, numerous checks lead one to believe that not more than two or 
three of these plants could have been fathered by stray pollen grains from 
the mother plant. The results are given in table 1. Red fruit is desig- 
nated R and white fruit r. Pink flower is designated P and white flower p. 

There were 12 plants having red fruits and pink flowers, 7 plants having 
red fruits and white flowers, 3 plants having white fruits and pink flowers 
and 2 plants having white fruits and white flowers. In addition to the 
plants recorded above, however, there were four ‘‘maternals’’ in which 
only flower color could be recorded. One, coming from a cross in which 
F. virginiana pollen was used, had white flowers. Of the other three, from 
a cross in which F. chiloensis pollen was used, one had pink flowers and 
two had white flowers. The segregation in fruit color, therefore, was 
19 red to 5 white; the segregation in flower color was 16 pink to 12 white. 

Now self-pollination would give 3D:1R ratios, development of adventi- 
tious embryos from somatic tissue would give dominants only, while in- 
duced development of gametic cells would give 1D:1R ratios. The results 
obtained obviously do not exclude the occasional development of adventi- 
tious embryos from sporophytic cells. It is just as obvious that self- 
pollination of the mother plants with stray pollen grains is not always 
avoidable. I can only state my conviction, formed from a considerable 
experience in checking results with Fragarias, that no more than three 
plants from the above records are likely to be the result of self-pollination. 
It seems safe to conclude, therefore, that these “‘maternals’ ordinarily 
arise through the development of gametic cells. The diploid number of 
chromosomes is presumably restored through the omission of the dividing 
wall after the first nuclear division. A more rigorous proof of this con- 
clusion might be made by determining whether the ‘“‘maternals’ thus 
obtained breed true; but, owing to certain technical difficulties, it is 
doubtful whether this can be done satisfactorily. Perhaps a geneticist 
working upon more favorable material will make the experiments required. 
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A single plant affords a basis for the conclusion that ‘‘maternals’” may 
also arise through the selection by the genom of the mother plant of a 
similar genom from among those offered by the male nucleus of a poly- 
ploid species. 

Millardet? (1894) reported a cross in which the female was F. vesca 
variety alba, a white-fruited type which we now know has 7 chromosomes 
(n). The male parent was a red-fruited variety of F. chiloensis, which 
has been found to have 28 chromosomes (n). Millardet obtained one 
plant which was ‘“‘maternal’’ in every respect except that it had red fruits. 
Naturally the geneticists of today have been somewhat skeptical of this 
case, so different from any other known result of hybridization, and for 
which no obvious explanation appeared. Fortunately a similar instance 
has appeared among our cultures. And, since the cytological control is 
complete, it is an observation having considerable theoretical importance. 

A plant of F. vesca with white fruit, and known to carry 7 (m) chromo- 
somes, was crossed with the pollen from a plant of F. virginiana with red 
fruit and known to carry 28 chromosomes. Similar crosses had given, 
as did this cross, rumerous hybrids having 35 (2m) chromosomes which 
resembled the male parent, owing to the dominant effect of the pre- 
ponderance of chromosomes from the male. In addition to these normal 
hybrids a plant was obtained resembling the female parent (F. vesca) 
in every respect except that it had red fruits. This plant had 14 chro- 
mosomes. It was completely fertile. 

Here, then, is a diploid species (14 chromosomes) from Hawaii which is 
able to select from an octoploid (56 chromosomes) species native to the 
United States a 7-chromosome genom which is sufficiently like its own 
genom to reproduce a “maternal” type plant that is completely fertile. 

This case affords cogent evidence in support of the polyploid theory 
as a factor in plant evolution. It also offers additional, though perhaps 
redundant, evidence that fertility depends upon the similarity of the two 
genoms uniting to form a sporophyte without reference to their immediate 
origin. Of course the evidence now available does not exclude mutation 
as the explanation of this case; but the white variety is an old one which 
has exhibited no red mutations under other conditions. Moreover, seven 
pairs of chromosomes are known to mate in the meiosis of the thirty-five 
chromosome hybrids ordinarily produced in this cross. Finally, the plant 
exhibits several other characteristics of F. virginiana. 


1 Jgrgensen, C. A., “The Experimental Formation of Heteroploid Plants in the 
Genus Solanum,” J. Genet., 19, 133-210 (1928). 

2 Millardet, A., “‘Note sur l’hybridation sans croisement au faux hybridation,” 
Mém. Soc. Sci. phys. nat. Bordeaux, 4 Sér., 4, 349-372 (1894). 
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MELANOPHORE PULSATIONS IN THE ISOLATED SCALES OF 
FUNDULUS HETEROCLITUS 


By Dietricu C. Smiru* 
Zo6LOGICAL LABORATORY, HARVARD UNIVERSITY 


Communicated April 21, 1930 


Rhythmical pulsations in the isolated scale melanophores of Fundulus 
heteroclitus were first observed by Spaeth (1916). He was at once struck 
by the theoretical importance of these pulsatory movements, for they 
offered additional evidence substantiating his conception of the melano- 
phore as a modified derivative of smooth muscle. Rhythmical move- 
ments are, of course, intimately associated with this latter tissue and their 
persistence for considerable periods of time in isolated strips of the oesoph- 
agus and stomach of frogs and other vertebrates is well known. The 
rhythmical movements in isolated scale melanophores are comparable 
and perhaps similar to these movements in smooth muscle and their 
discovery opens a new field for research in connection with the pigment 
cells. 

Spaeth’s method of producing pulsations consisted essentially of a short 
exposure of the isolated scales to BaCl:, followed immediately by immersion 
in NaCl, the pulsations occurring in the latter solution. Such effects 
were obtainable until recently only through the use of this technique. 
But some time ago I had the good fortune to discover, inadvertently, several 
other methods capable of producing similar results. These discoveries 
were made while I was investigating the effect of variations in hydrogen- 
ion concentration upon the isolated scale melanophores of Fundulus. 
Before discussing these a more detailed account of Spaeth’s procedure is 
advisable. 

First, the isolated scale was immersed in N/10 NaCl to expand com- 
pletely its melanophores, following which the scale was transferred to 
N/10 BaCl, where within five minutes the previously expanded cells 
became completely contracted. At the end of this time the scale was 
once more returned to N/10 NaCl, where it was left undisturbed for the 
balance of the experiment. For one-half hour after its final immersion 
in N/10 NaCl the melanophores showed no change from their punctate 
condition, but at the expiration of this period the first indications of the 
approaching pulsations were noted. These took the form of slight distal 
migrations of the pigment granules into the processes of the melano- 
phores, slight because hardly had they begun before the direction of 
movement was reversed and the granules once more withdrew into the 
central body of the cell. These movements of the granules, both distal 
and proximal, were immediately repeated at frequent intervals (thus 








382 ZOOLOGY: D.C. SMITH Proc. N. A. S. 


setting up successive pulsations within the cell) the granules migrating 
further out into the processes during each succeeding pulsation, until 
in about one-half hour, or one hour after the removal from BaCle, the 
extent of the pulsations had reached their maximum. For the next three 
hours these pulsations continued to be approximately equal in extent and 
frequency. Finally, however, the extension of the pigment granules 
became noticeably less, each pulsation being progressively decreased in 
length until they ceased entirely, the cell coming to a final rest in the 
punctate or almost punctate condition. Gilson (1926), using the method 
just described, produced similar results in the scale melanophores of 
Gambusta affinis. 

With the other methods to be described, the pulsations of the melano- 
phores were of the same general appearance, differing only in minor de- 
tails, such as the time of onset of the pulsations, their frequency and the 
magnitude of the migration of the pigment granules, differences probably 
traceable to the methods employed. ‘The first indications that pulsations 
could be produced by means other than subjecting the scale to BaCl, 
were noticed during a series of experiments on the effect of variations in 
the hydrogen-ion concentration of N/10 KCl upon isolated scale melano- 
phores. When the scales were first immersed in N/10 KCl at any pH 
between 7.5 and 6.6 the melanophores immediately contracted to the 
punctate state. This condition, however, was not permanent. Eventu- 
ally the cells became somewhat expanded, either assuming the stellate 
condition or even going slightly beyond this, though only slightly as this 
expansion was never observed to become complete. Its onset was de- 
termined by the hydrogen-ion concentration of the solution, appearing 
the soonest in the most alkaline solutions. At pH 7.5 expansion was 
evident in two hours, while at pH 6.8 approximately three hours elapsed 
before it was noticeable. If shortly after the advent of this expansion 
the scales were transferred to N/10 KCl at a lower pH, approximately 
6.0, the melanophores again contracted, the previously induced expansion, 
therefore, being reversible. But this secondary contraction in a lower 
pH was of relatively short duration for within five to ten minutes after 
its occurrence, the melanophores began to show well-defined rhythmical 
pulsations which persisted for two hours or more. Pulsations were ob- 
served when scales were transferred to N/10 KCl pH 6.0 from either 
pH 7.5, 7.2, 6.8, or.6.6. The desired hydrogen-ion concentrations were 
attained by adding to the KCl small amounts of the phosphate buffers, 
either sodium or potassium, 0.1 cc. of buffer to 10 cc. of KCl. If the 
melanophores were transferred from the solutions of higher pH to one 
of lower pH while they were still punctate no pulsations ensued. 

It is worthwhile noting that whenever melanophores were subjected 
to the influence of K ions either before or after the beginning of pulsations, 
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the pigment granules both within the processes and central body of the 
cell appeared loosely packed together and in violent brownian movement. 
This brownian movement was particularly noticeable at the distal bound- 
aries of the pigment masses within the processes, where the loosely packed 
condition of the granules was even more marked. Hence this region had 
a characteristic frayed-out appearance, making an exact determination 
of its limits difficult. The pulsations and the brownian movement were 
apparently independent of one another, for the brownian movement 
continued during the pulsations and also for a considerable period after 
they had ceased. ‘This accounted for the slight and irregular fluctuations 
in the positions of the distal boundary of the pigment masses after the 
subsidence of the pulsations. The contrast is marked between this con- 
dition and that found in cells caused to pulsate by immersing them in 
BaCl, or any other salt. Here the distal boundary of the pigment masses 
within the processes is sharply marked and well defined during every 
phase of the pulsation, and except when the granules are extended to the 
outermost regions of the processes, there is no sign of any brownian move- 
ment. When the pulsations cease, the granules appear immovably and 
solidly packed within the processes, indications of brownian movement 
being very rare even in cases of extreme dispersion of the pigment. 
Following the lead disclosed by varying the hydrogen-ion concentra- 
tion of KCl, other methods for producing melanophore pulsations were 
sought for and found. One of the simplest of these was merely to immerse 
the scales in N/10 NaCl at any pH between 8.6 and 6.1, the desired pH 
being obtained by adding potassium phosphate buffers in the same amount 
as were used with KCl. At varying times after the immersion in such 
NaCl solutions, the scale melanophores showed pulsations, no resort to 
any subsequent changes in the ionic constitution of the hydrogen-ion 
concentration of the medium being necessary. The pulsations appear 
soonest in the solutions of the highest pH, about 35 minutes being re- 
quired at pH 7.6 and two hours at pH 7.0. No pulsations were seen when 
the NaCl solutions were buffered with the sodium phosphate buffers or 
when the solutions were left unbuffered. -As is well known NaCl produces 
a complete expansion of the melanophores of isolated scales, a permanent 
state in ordinary unbuffered solutions of the salt. An expansion of the 
same type also occurs in the buffered solutions, but lasts for only a com- 
paratively short time, the pigment granules eventually contracting to the 
position of semi-expansion, the initial occurrence of this contraction de- 
pending on the hydrogen-ion concentration of the NaCl. Shortly after 
this contraction another distal migration of the pigment granules occurs, 
thus inaugurating regular pulsations within the processes. The granules 
continue to show these alternate distal and proximal movements between 
the maximally expanded and the semi-expanded condition for several hours. 
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Since BaCl, produced pulsations of isolated scale melanophores it was 
thought that a similar effect might follow exposure to SrCle, MgCl, and 
CaCl. Consequently, they were tried, scales being immersed in these 
salts for various lengths of time, and then transferred to NaCl where 
they were closely watched for any sign of rhythmical movement. After 
treatment with MgCl, and CaCl: no pulsations resulted, but with SrCl, 
the results were quite different. Melanophores exposed to N/10 SrCl, 
for five minutes and then transferred to N/10 NaCl began to pulsate 
thirty minutes after the change, the pulsations being vigorous, well sus- 
tained, and closely similar to the type produced by BaCl:. 

A final method, the most recent to be discovered for producing these 
movements, involves the use of a substance differing radically from those 
previously employed as the presumable stimulating agent. This was 
dextrose, a compound with a negligible ionization and a hydrogen-ion 
concentration at the neutral point. Scales immersed in M/5 dextrose for 
varying periods of time, forty-five to ninety minutes, and then transferred 
to NaCl showed pulsations thirty minutes after the change to this latter 
solution. These movements occurred only when the period of immersion 
in dextrose was within the limits just mentioned, forty-five to ninety 
minutes, an immersion of either shorter or longer duration was without 
result so-far as pulsations were concerned. Melanophores when first im- 
mersed in dextrose either become punctate, if previously expanded, or 
remained punctate, if in that condition when put into the solution. In 
one experiment the scales were immersed in dextrose buffered to a pH 
of 6.8 and then transferred to NaCl of the same hydrogen-ion concentra- 
tion. As before, pulsations appeared in the NaCl. 

Attempts were made to produce pulsations by immersing scales first in 
BaCl, and then in KCl, but to no avail. Both of these solutions cause a 
contraction of the melanophore pigment, and transferring the scales from 
one to the other did not alter this condition in the slightest. It is possible, 
however, to immerse scales in BaCl, for five minutes, then in KCl and 
finally in NaCl and still get pulsations in the NaCl, if the period in the 
KCI has not been more than thirty minutes. If more than this, but less 
than seventy-five minutes, the melanophores when placed in NaCl expand 
only to the stellate state, though they never show pulsations. When 
immersed in KCl, however, for periods exceeding seventy-five minutes, 
the expansion of the melanophores in NaCl is complete and of the same 
order as if there had been no exposure to BaCl.. Thus, whatever effect 
BaCl, may have upon the melanophores to condition them for pulsations 
in NaCl, this effect persists for a considerable period of time during the 
immersion of the scales in KCl, though eventually it is completely re- 
moved by this salt. But even though the immersion in KCl has been 
just long enough to prevent the cell from pulsating, it still requires another 
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thirty minutes in KCl before the behavior in NaCl is entirely typical, 
the five-minute exposure to BaCl, one hour previously being still sufficient 
to inhibit a complete expansion. 

In conclusion, it is well to emphasize the preliminary nature of these 
researches. No particular attempts were made, outside of a few excep- 
tions, to determine such limiting factors as the highest or lowest hydrogen- 
ion concentration of NaCl permitting pulsations, how great a change in 
the hydrogen-ion concentration of KCl is necessary to produce pulsations, 
or how long the time of exposure to such solutions as BaCl, and SrCl, 
may be without preventing pulsations in NaCl; questions perhaps of 
some importance whose answers may yield information of value as to the 
nature and cause of the pulsatory phenomena. However, the information 
at hand seems to justify certain generalizations. Judging from the inti- 
mate association of these pulsations with changes in hydrogen-ion con- 
centration, this factor must be of extreme importance if not perhaps the 
responsible agent itself. It is interesting to note that both BaCl, and 
SrCk, have hydrogen-ion concentrations considerably higher than un- 
buffered NaCl, suggesting that it is this factor rather than any difference 
in ionic constitution of the media which is producing the pulsations. 
That ionic differences are unnecessary is shown by the production of 
pulsations through a change in pH alone as in the case of KCl, or by 
simply leaving the scales immersed in NaCl where pulsations are seen at 
certain hydrogen-ion concentrations and not at others. ‘Then, too, the 
action of dextrose, a non-ionizable compound, is of the greatest signifi- 
cance in this respect. However, the fact that dextrose causes pulsations 
in NaCl even when the scale is previously immersed in dextrose of the 
same pH as the NaCl indicates that we must not overestimate the in- 
fluence of hydrogen-ion concentrations to the possible neglect of some other 
totally unsuspected factor. But for the present, at least, in the absence 
of other evidence, we must concede that hydrogen-ion concentration is 
the single factor of the greatest importance in establishing rhythmical 
pulsations in isolated scale melanophores. 

* NATIONAL RESEARCH FELLOW IN THE BIOLOGICAL SCIENCES. 

Gilson, Jr., A. S., ““Melanophores in Developing an Adult Fundulus,” J. Exp. Zodl., 
45, 415-455 (1926). 


Spaeth, R. A., “Evidence Proving the Melanophore to Be a Disguised Type of Smooth 
Muscle,” J. Exp. Zoél., 20, 193-215 (1916). 
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DIURNAL RHYTHM OF THE DISTAL PIGMENT CELLS IN 
THE EYES OF CERTAIN CRUSTACEANS 


By JoHN H. WELSH 


HARVARD BIOLOGICAL STATION, SOLEDAD, CIENFUEGOS, CUBA, AND ZOOLOGICAL 
LABORATORY, HARVARD UNIVERSITY 


Communicated April 21, 1930 


Among the fresh water crustaceans found in the vicinity of the Harvard 
Biological Station in Cuba are two shrimps, Macrobrachium olfersu Wieg- 
mann and Macrobrachium acanthurus Wiegmann, which are ideal for 
studying the behavior of the distal pigment cells in the eye, because of 
the large size and transparency of the animals, and the ease with which 
they may be kept in the laboratory. 

While I was at the Station during the summer of 1929 I studied the 
physiological factors controlling the movements of the distal pigment 
cells in these animals. The present paper is an account of the results 
obtained. The work supplements that done on Palaemonetes vulgaris 
(Welsh, 1930) and the methods of observation were similar to those used 
in the earlier work. 

Diurnal Rhythm of Distal Pigment Cells——Normal movements of the 
distal pigment cells in the light and in the dark were first studied and 
these were found to agree in most respects with those of the corresponding 
cells in the eyes of Palaemonetes. The principal difference was in the 
greater length of the ommatidia and therefore the greater distance over 
which the cells migrate, which may be as much as 0.5 mm. in large in- 
dividuals. When distance migrated was plotted against time in the 
light a sigmoid curve was obtained similar to that for Palaemonetes 
(Welsh, 1930). At the outset of the work the following observation was 
made: An animal which had been dark*adapted was in a cell on the 
stage of the microscope, fully illuminated with light from a 100-watt 
lamp at a distance of 30 cm. The pigment was seen to be moving away 
from the cornea toward the center of the eye at a normal rate, but when 
half way in the distal pigment cells ceased moving and soon began to 
migrate out again, and continued the distal movement until they reached 
the position characteristic for the dark, where they remained as long as 
observations were made. This occurred at about 6 P.M. The next day 
the experiment was repeated with identical results. At the same time 
the stock supply, which was kept in white sinks and illuminated by a 
100-watt lamp placed directly above them, likewise showed this unusual 
phenomenon of distal migration of the distal pigment cells at the time 
of sunset in spite of the fact that they were illuminated by a light which 
during the day would cause light adaptation to occur at its normal rate. 
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Table 1 gives the results of measurements on four individuals and 
shows how these shrimp, which were light-adapting normally, exhibited 
a reversal in direction of movement of the distal pigment cells at 6:10, 
5:50, 6:00 and 6:20, and a consequent return of these cells to the position 
characteristic for the dark. 


TABLE 1 
ANIMAL ANIMAL ANIMAL ANIMAL 
‘TIME OF DAY 1 2 3 4 

P.M. MICRA MICRA MICRA MICRA 
3:30 50 

3:40 100 

3:50 184 

4:00 251 

4:10 284 

4:20 301 

4:30 100 317 50 

4:40 125 317 84 

4:50 167 317 134 

5:00 200 317 192 

5:10 217 317 226 

5:20 226 317 242 

5:30 234 317 251 

5:40 242 317 251 50 
5:50 242 317 s 251 59 
6:00 251 301 251 100 
6:10 251 267 217 125 
6:20 217 234 217 134 
6:30 167 209 217 125 
6:40 134 167 167 75 
6:50 117 134 167 50 
7:00 100 100 167 50 
7:10 84 84 137 

7:20 67 67 84 

7:30 59 67 67 

7:40 59 50 50 


The time of day is indicated in the first column. The figures in columns 
1, 2, 3 and 4 indicate the distance from the outer ends of the distal pig- 
ment cells to the cornea in four different animals. ‘They are the result 
of direct readings with an ocular scale. The first figure in each column 
indicates the position of the distal pigment cells when the light was turned 
on and light adaptation begun. The underlined figures indicate the 
point at which a reversal in direction of movement was first observed. 
The final figures indicate the return of the pigment to the extreme dark 
position. 

In experiments which were conducted overnight it was found that the 
distal pigment cells did not return to the position characteristic for the 
light until the time of sunrise the following morning, even though the 
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illumination remained constant. The results of two experiments are shown 
in table 2. 

Animals kept in the dark showed no movement of the distal pigment 
cells, these cells constantly remaining in the position characteristic for the 
dark. 

The recorded behavior of the distal pigment cells in Macrobrachium is 
unquestionably due to a diurnal rhythm and such a case, as far as is 
known, has not previously been reported for eye pigment in crustaceans. 
It may be compared to the diurnal rhythm observed by Gamble and 
Keeble (1900) in the chromatophores of Hippolyte varians, by Slome and 
Hogben (1929) in the melanophores of Xenopus laevis; to diurnal rhythm 





FIGURE 1 


Section through the eye of a dark-adapted shrimp, showing the distal 
pigment cells out near the cornea, and the proximal pigment below the 
principal layer of accessory or reflecting pigment. d.p.c. = distal pigment 

“cells. ac.p. = accessory or reflecting pigment. pr.p. = proximal pigment. 


TABLE 2 
ANIMAL ANIMAL 
TIME 1 2 

June 3 June 17 
5:15 P.M. 317 234 
6:15 P.M. 234 100 
7:15 P.M. St 50 
8:15 P.M. 50 33 } 

June4 . June 18 
5:30 A.M. 100 50 
6:30 A.M. 167 251 
7:30 A.M. 317 251 
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in vertical migration of copepods (Esterly 1927), and to periodic lumines- 
cence both in copepods (Moore, 1909), and balanoglossids (Crozier, 1920), 
for in all of these cases a natural rhythm was maintained when the usual 
recurring external conditions were absent. 

When the eyes of normal light- and dark-adapted and “diurnal dark- 
adapted” animals were studied histologically, another unusual condition 
was noted. Normally, in the light, both the distal pigment cells and 
the proximal or retinal pigment are adjacent to one another in the region 
of the rhabdomes (Fig. 2). In the dark the distal pigment cells are out 
next to the cornea and the proximal pigment in the retinular cells migrates 








FIGURE 2 


Section through the eye of a light-adapted shrimp, showing the distal 
pigment cells adjacent to the retinular cells, and the proximal pigment 
above the reflecting layer. d.p.c. = distal pigment cells. ac.p. = ac- 
cessory or reflecting pigment. pr.p. = proximal pigment. 


to a position below the basement membrane (Fig. 1). In “diurnal dark- 
adapted” animals which are killed after 8:00 P.M. while under bright 
illumination, the distal pigment cells are found in a distal position, the 
position characteristic for the dark, but the proximal pigment is seen 
to remain in the position characteristic for the light (Fig. 3). This un- 
usual situation has not, to my knowledge, been previously reported and 
indicates that the two sets of pigment can act quite independently of one 
another, and therefore may be under different physiological control. 

The finding of such a clear case of diurnal rhythm in pigment cells in 
the eye presented an excellent opportunity for studying the underlying 
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physiological factors and the following experiments were carried out with 
this in mind. 

Migration of Pigment in Excised Eyes.—It was first necessary to de- 
termine whether or not the distal pigment cells were capable of acting 
independently of blood and nerve supply. Previously it had been re- 
ported by Parker (1897) that distal pigment cells in the excised eyes of 
Palaemonetes showed complete or almost complete photomechanical 
changes in the light or in the dark. 

Three sets of experiments were carried out on a large number of animals: 
(1) eyes of dark-adapted animals were cut off, placed in normal salt solu- 
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FIGURE 3 


Section through the eye of a “diurnal dark-adapted’”’ shrimp which 
shows the distal pigment cells in the position characteristic for the dark, 
while the proximal pigment remains in the light position above the reflect- 
ing layer. d.p.c. = distal pigment cells. ac.p. = accessory or reflecting 
pigment. pr.p. = proximal pigment. 


tion and illuminated, (2) eyes of light-adapted animals were cut off and 
placed in the dark, (3) eyes of dark-adapted animals were removed and 
left in the dark. In all cases, after a period of one to two hours, the 
distal pigment cells were found in the position characteristic for the light. 
The migration from dark to light positions in the measured cases took 
place at the normal rate for intact eyes. Distal pigment cells in excised 
eyes of Macrobrachium are capable of migrating from the dark to the 
light position but not from the light to dark: however, as they assume 
the position characteristic for the light when the excised eyes are kept in 
the light or in the dark they cannot be called independent effectors. It 
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would seem that the light position is the resting or unstimulated condition 
and it is well known that this is the position assumed by pigment in the 
eyes of several forms at death, and under the influence of anaesthesia 
(Bennett, 1924; Demoll, 1911. 

The migration of distal pigment cells in the eyes of Macrobrachium from 
the position characteristic for the light to that for the dark, either in the 
dark or under illumination after sunset, would therefore seem to be the 
result of factors and changes outside the pigment cells themselves. 

Effect of Chloretone on Migration of the Distal Pigment Cells.—Since, in 
earlier work on Palaemonetes, chloretone in dilute solution had been 
found to be the most satisfactory anaesthetic it was used in studying the 
effect of anaesthesia on migration of the distal pigment cells in Macro- 
brachium. A 0.01 per cent solution of chloretone was found to be suffi- 
ciently strong to bring about anaesthesia when the animals were im- 
mersed in it. Dark-adapted animals placed in chloretone and illuminated 
showed migration of the distal pigment cells to the light position at a nor- 
mal rate. Dark-adapted animals placed in chloretone and left in the 
dark showed no change in the position of the distal pigment cells. This 
is in disagreement with unpublished results on Palaemonetes. Light- 
adapted animals placed in chloretone in the dark showed dark adaptation 
at a rate slower than normal. 

Animals placed in chloretone in the late afternoon and illuminated with 
a 100-watt light at a distance of 45 cm. did not show the characteristic 
diurnal migration of the distal pigment cells at the time of sunset. Thus 
anaesthesia, or at least 0.01 per cent chloretone, does not interfere with 
normal light adaptation. It slows up dark adaptation during the day, 
and prevents the distal migration of the distal pigment cells which occurs 
at sunset when the illumination is kept constant. If the effect of chlore- 
tone is on the nervous system, it would then seem that the diurnal rhythm 
was the result of a nervous influence, either direct or indirect, on the distal 
pigment cells. 

Ligation of Eye Stalk.—In view of the work of Perkins (1928) and 
Koller (1927) on the relation of the blood to color changes in crustaceans, 
a series of experiments were carried out in which the eye stalks were 
ligated, in order to cut off the blood supply to the eyes. This was easily 
accomplished by tying a fine thread around the eye stalk at the point 
of articulation with the body where the cuticula is soft and flexible. The 
ligature was made tight enough to cut off the circulation, which could be 
easily observed with a microscope, and when removed the circulation 
was rapidly restored. 

Following is the record of a typical experiment. 


June 29. Right eye stalks of six animals ligated. 
D.p.c. = distal pigment cells. 
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10:25 A.M. Left eyes Circulation normal. 
Right eyes No circulation. 
10:35 A.M. Placed in dark. 
1:00 P.M. Left eyes D.p.c. in distal position. 
Right eyes D.p.c. in proximal position. 
1:10 P.M. Illuminated 
2:45 P.M. Left eyes D.p.c. beginning to migrate proximally. 
Right eyes D.p.c. in proximal position. 
~ §:00 P.M. Left eyes D.p.c. in proximal position. 
Right eyes D.p.c. in proximal position. 
6:00 P.M. Left eyes D.p.c. beginning to move distally, due to diurnal 
rhythm. 
Right eyes D.p.c. in proximal position. 
8:00 P.M. Left eyes D.p.c. in distal position. 
Right eyes D.p.c. in proximal position. 
8:10 P.M. Removed ligatures from right eye stalks. 
10:30 P.M. Left eyes D.p.c. in distal position. 
Right eyes D.p.c. in distal position. 


It may be seen that ligation prevents the distal migration of pigment 
cells in the eye which is tied off, both during the day in the dark, or at 
sunset in the light; also that on removal of the ligatures diurnal distal 
migration occurs. This would appear to indicate a direct blood control 
and yet it might be said that the ligating of the eye stalk would also 
interrupt the normal passage of nerve impulses; however, as no adequate 
demonstration of a nerve supply to the distal pigment cells has ever been 
made this criticism is probably not justified. 

Discussion.—There are relatively few cases on record of a diurnal 
rhythm which persists after the removal of the conditions which normally 
bring about the change. Gamble and Keeble (1900) reported a case of 
persistence of rhythmic change in the chromatophores of Hippolyte 
varians. In this form periodic color changes occur even though the light 
conditions are constant. The nocturnal phase is accompanied by an 
increase in heart beat which they considered due to a nervous influence, 
and so they suggested that these periodic changes are probably controlled 
by the nervous system. 

Merke (1911) studied a similar periodic rhythm in the chromatophores 
of Idothea and concluded that it was an ‘“‘autonomous’’ reaction paralleling 
a periodicity in metabolism. 

Esterly (1917, 1919) found a periodicity in the vertical migrations of two 
species of copepods after removal of the recurring external stimuli but 
presented no physiological explanation for the phenomenon. 

The observations of Moore (1909) on a diurnal rhythm in luminescence 
of copepods should also be mentioned. Moore found that certain copepods 
if kept constantly in the dark continued to show phosphorescence between 
6:00 P.M. and 5:00-6:00 A.M. but none during the day. He suggested 
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that the periodicity might be due to periods of rest and activity in certain 
secretory cells, which continued even after the removal of the alternation 
of light and dark. Crozier (1920) reported a similar case of luminescence 
in certain balanoglossids and stated, ““Ptychodera and Glossobalanus 
may maintain for some eight days a clear-cut diurnal rhythm of light 
production while remaining continually in the dark.” : 

The most recent account of a case of diurnal rhythm persisting after 
removal of the normal stimuli, which has come to my attention, is that 
of Slome and Hogben (1929). They found that when Xenopus laevis, a 
South African frog, is kept in constant darkness the melanophores are 
more contracted at midnight than at midday. They state: ‘The existence 
of a diurnal variation in darkness, comparable in extent and direction 
to the normal diurnal rhythm of primary reactivity, is suggestive of the 
intervention of nervous agencies in the primary reaction,’ and suggest 
that the mechanism may be a “‘conditioned’’ one in the terminology of 
Pavlov. 

Thus nervous and metabolic influences have both been suggested as 
the physiological cause of persistence of diurnal rhythm under constant 
external conditions. Macrobrachium is a nocturnal animal and rests 
quietly during the day but at sunset becomes very active and responds 
by sudden movement to shadows and disturbances in the water. This 
increase in activity appears at about 6:00 P.M. and persists until 5:00 A.M. 
the following morning even under constant illumination so that it is defi- 
nitely correlated with the movements of the distal pigment cells in the 
eye. It might be said to be due to a more “‘nervous’’ condition in the 
animal causing an increase in rate of metabolism. Chloretone acting as 
a general anaesthetic prevents this increase in activity at the time of sun- 
set and also prevents the diurnal migration of the distal pigment cells. 
Chloretone probably affects the nervous system, thereby lowering the 
rate of metabolism. It might affect the distal pigment cells directly by 
way of the nervous system except for the fact that nerves to these cells 
have never been conclusively demonstrated. 

The prevention of the diurnal rhythm under constant illumination by 
ligation of the eye stalk suggests that the direct control of the distal pig- 
ment cells is by way of the blood. Here again if there were efferent 
nerves to the distal pigment cells one might criticize the experiment by 
saying that ligation would prevent normal impulses from passing over 
these nerves. ‘The work of Perkins (1928) and Koller (1927) has shown 
the importance of the blood in controlling the chromatophores of crusta- 
ceans, and Bennett (1929) offers conclusive evidence for an interrelation- 
ship between the eyes of crustaceans which also strongly suggests a blood 
control of the retinal pigment. 

The evidence thus far in the case of Macrobrachium suggests that the 
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direct control of the distal pigment cells is by way of the blood, and that 
the persistence of diurnal rhythm under constant illumination parallels a 
periodicity in metabolism which is controlled by the nervous system. 

I wish to acknowledge the assistance of Dr. G. H. Parker in the prepara- 
tion of the paper, the kindness of Dr. Thomas Barbour in making the visit 
to the Cuban Station possible, and the assistance of Dr. Waldo L. Schmitt 
in the identification of the crustaceans used in this study. 

Summary.—1. Under constant illumination the distal pigment cells in 
the eyes of certain Cuban shrimps (Macrobrachium olfersia Wiegmann and 
Macrobrachium acanthurus Wiegmann) continue to show a diurnal move- 
ment, migrating distally at about 6:00 P.M. and remaining in this position 
until about 5:00 A.M. the following morning. 

2. The proximal pigment does not show the same periodic movement. 

3. The distal pigment cells in excised eyes assume the position char- 
acteristic for the light whether they are kept in the light or in the dark, so 
therefore cannot be called independent effectors. 

4. Chloretone does not affect light adaptation, slows down dark adapta- 
tion, and prevents the diurnal migration of the distal pigment cells. 

5. Ligation of the eye stalk prevents both distal migration in the dark 
and the diurnal migration of the distal pigment cells. 

6. The diurnal movements of the distal pigment cells parallel a change 
in activity in the animal. 

7. The normal movements of the distal pigment cells as well as the 
periodic movements under constant external conditions appear to be con- 
trolled directly by the blood and indirectly by way of the nervous system. 
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THE COLOR CHANGES OF THE TREE TOAD IN RELATION TO 
NERVOUS AND HUMORAL CONTROL 


By G. H. PARKER 
ZOG6LOGICAL LABORATORY, HARVARD UNIVERSITY 


Communicated April 21, 1930 


The common American tree toad, Hyla versicolor Le Conte, is well 
known for its remarkable changes in tint. At one time it may be ashen 
gray with an indistinct dark pattern running through it and at another 
time almost black with the pattern scarcely distinguishable. As a result 
of such changes this animal is commonly quite inconspicuous as it rests 
on the bark of a tree. Thus a tree toad often blends so completely into 
its surroundings as to be practically indistinguishable from the back- 
ground on which it rests. In this respect tree toads appear at first sight 
to be as successful imitators of their environment as some fishes, such as 
the flat-fishes, are. In many of the flat-fishes, as has been shown by several 
recent workers, the animals not only change their tint but imitate in a 
most striking way the patterns of their surroundings. If they are on a 
coarsely mottled background their own coloration partakes of such a 
mottling; if on a finely mottled surface they exhibit a fine mottling. This 
type of response is also shown by flat-fishes when they are placed in the 
laboratory upon a black and white checker-board pattern of purely geo- 
metric design. On a coarse checker-board pattern they exhibit coarse 
mottling, on a fine one, fine mottling. 

To ascertain whether the tree toad possesses any such ability a con- 
siderable number of individuals were put in glass chambers whose walls 
were covered with paper marked in white and black checker-board pat- 
tern. In the coarsest pattern used the squares were 15 mm. on a side. 
In other patterns the squares were 5 mm. and 3 mm. toa side. Although 
over a dozen tree toads were kept for some two weeks under these con- 
ditions, at no time did they exhibit a mottling which was in any sense 
appropriate to the size of pattern on which they rested. They were in 
general coloration either light or dark and exhibited a perfectly fixed pat- 





396 CHEMISTRY: D.S. VILLARS Proc. N. A. S. 


tern of their own, which never changed in detail. Flat-fishes control the 
mottling of their skins through their nervous system; apparently this type 
of control is entirely absent from the tree toad. The total pattern of the 
toad becomes sharper or fainter but without local modification of its 
detail. In the tree toad not the least evidence of differential mottling 
could be discovered. When these animals were injected with very weak 
adrenalin they became extremely light and remained so for some hours. 
On injecting them with pituitrin they became dark and remained so for 
some time. ‘These two drugs call forth the total natural range of the 
animal. Such results suggest the conclusion that the tree toad suffers a 
change of color through internal secretions and not by direct nervous 
action as in tlie flat-fishes. Notwithstanding the success with which the 
tree toad imitates its surroundings, its capacity in this respect must be 
much more limited than that of the flat-fish and involves merely a lighten- 
ing or a darkening of its total pattern without local changes in the details. 

This conclusion supports the general view advanced by Hogben to the 
effect that the color changes in amphibians are brought about by humoral 
rather than by nervous control. 


EQUILIBRIUM CONSTANTS OF REACTIONS INVOLVING 
HYDROXYL: A CORRECTION 


By DONALD STATLER VILLARS 
ScHOOL OF CHEMISTRY, UNIVERSITY OF MINNESOTA 


Communicated April 18, 1930 


In a communication of the above title,| two mistakes have come to 
light which the author wishes to correct in this note. 

The first is an arithmetical error in the formula, top of p. 708, for the 
entropy of oxygen. It should read 


So, = 13.70 + 11.52 log T — 4.61 log (1 — e7?*4*-6/7) (1) 
+ 5R/2 — 4.61 log Fant sof o./T. 


The wrong formula led to a false value for the entropy of oxygen at 
298°K. ‘The corrected value, So,— 293 = 49.2 cal. degrees—!, is in ap- 
proximate agreement with the more accurate value of Giauque and John- 
ston,” namely, 49.03, and hence the expectation of a fourth allotropic form 
of solid oxygen is uncalled for. ; 

The second error is more fundamental and was due to the neglect of 
the nuclear degeneracy of the hydrogen atom in hydroxyl. It was origi- 
nally thought by the author that this was automatically taken care of when 
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one includes all of the rotational terms in the formula for rotational en- 
tropy. This is not true, however, and the formula for the entropy of 
hydroxyl* should read 


Son = 7.15 + 11.52 log T — 4.61 log (1 — e7 9112/7) 
+ 4.61 log (4 + 2e975/7) + 5R/2 — 4.61 log Pom + Eon/T. (2) 


In order for the free energy calculations to be consistent, therefore, one 
must add an entropy of R In 2 for each gram molecule of hydroxyl taking 
part in those reactions which involve theoretical entropies of hydrogen. 
Thus, the common logarithms of the equilibrium constants of reactions 
(1), (3) and (4) of the article cited must be corrected by the corresponding 
amounts 2 log 2 or 0.6. That no error is introduced by the use of the 
free energy equations involving calorimetric data is due to the fact that 
the same correction for nuclear entropy must be added to both sides of 
the equation, with the result that they cancel out in the difference. This 
is in agreement with the ideas of Gibson and Heitler,* Giauque and John- 
ston® and Rodebush.* The corrected equilibrium constants are given in 
the following table: 
EQui.ispriuM CONSTANTS 


Loc Ko; 1oc Koz Loc Kou 
L&R, B&R, B&R, 
TEMP. Pp. 485 p.96 Loc Kong P.96 Loc Kony LocKig Loc Kiy Loc Kg, Loc Kiy 


1000 —-19.8 —20.1 -—21.0 -—21.1 -—14.7 41.12 -—5.18 +1.91 —4.38 
1300 —13.9 -—14.01 —14.3 -14.3 — 9.5 +0.438 -—4.41 -—0.58  —5.42 
1500 -—11.2 —11.42 -—11.38 -—11.4 — 7.15 +0.13 -—4.06 —1.69 —5.88 
1705 — 9.13 — 9.28 — 9.04 — 9.0 — 5.385 -—0.10 -3.78 -—2.57 —6.26 
1900 — 7.55 —7.6 — 7.28 — 7.2 — 3.97 —0.28 -—3.59 -—3.22 —6.53 
Interp. 
2155 — 5.94 — 6.08 — 5.47 — 5.5 — 2.55 —0.47 -—3.38 -3.94 —6.86 
2505 . — 4.27 — 4.31 3.68 — 3.5 — 1.12 -—0.56 -3.15 -—4.63 —7.14 
20H—>H;z + O2 + 14,000 cal. (B) 
20H—>H;z + O2 — 15,000 cal. (V) 


| 


1 These PROCEEDINGS, 15, 705-709 (1929). 

2 Giauque and Johnston, J. Am. Chem. Soc., 51, 2300-2321 (1929). 

3 The correct calculated value for the entropy of hydroxyl at 298°K. is 45.9 cal. 
degrees“! mole~!. Owing to our inability to measure calorimetrically the nuclear 
entropy, the experimentally observed entropy should be less than this amount by 1.4 
E. U. 

4 Gibson and Heitler, Z. Physik, 49, 465 (1928). 

5 Private communication. The author wishes to thank Prof. Johnston for his 
friendly codperation in locating the arithmetical error which was the cause of the lack 
of agreement between the two calculated values of the entropy of oxygen and for his 
communications in which he emphasized the necessity of including the nuclear entropies 
of the other hydrogen compounds involved in the reactions which were considered. 
Cf. also Giauque, J. Am. Chem. Soc., 51, 1150 (1929) and Ind. Eng. Chem., 21, 353 
(1929). 

6 Rodebush, Phys. Rev., 35, 210 (1930). 
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GROUP OF ISOMORPHISMS OF AN ABELIAN GROUP 
By G. A. MILLER 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated April 21, 1930 


It is well known that the group of isomorphisms of every abelian group 
is the direct product of the groups of isomorphisms of its Sylow subgroups, 
and hence it results that the group of isomorphisms of any abelian group 
is completely determined by the groups of isomorphisms of its Sylow sub- 
groups. It will therefore be assumed in what follows that the abelian 
group G under consideration has an order which is of the form p”, p 
being a prime number. It will be convenient to represent the character- 
istic subgroups of G which are generated by all of its operators of order 
b, p?, ... P by Hi, He, ..., Hj, respectively, where p’ represents the 
largest order of an operator contained in G. Hence it results that if the 
order of H, divided by the order of H,_,, a S 1, is p* then G has exactly 


8 invariants which exceed p*~*. In particular, if Hy is the identity and 
if the order of H, is p” then the total number of invariants of G 
is y. 


Since every abelian group is generated by its operators of highest order 
and all of these operators are conjugate under its group of isomorphisms 
it results that this group can be represented as a transitive substitution 
group on letters corresponding to the operators of highest order in the 
abelian group. We shall first consider the invariant subgroup of this 
transitive substitution group for G, which corresponds to all the auto- 
morphisms of G in which all the operators of Hj_, are left invariant. 
All of the transitive constituents of this invariant subgroup are of degree 
p” since every operator of highest order in G may correspond to itself 
multiplied by any operator of H, under the automorphisms in question. 
The degree of every substitution except the identity contained in this 
subgroup is p” — p”~' and the degree of the subgroup is p” — p”~°, 
where 6 represents the number of the largest invariants of G. Moreover, 
this subgroup is the direct product of 6 substitution groups of order p” 
and of degree p” — p”~', each of which is a simple isomorphism between 
regular abelian groups of order p” and of type (1, 1, 1,...). That is, 
the group of isomorphisms of every abelian group of order p™ which involves 
operators of order p* contains an invariant abelian subgroup of order p*” 
and of type (1, 1, 1,...), where 6 and y represent the number of largest 
invariants and the total number of invariants, respectively. 

In the study of the group of isomorphisms of G it is sometimes desirable 
to consider also the substitution groups on the letters corresponding to 
the operators of the same order when these operators are not of highest 
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order. A necessary and sufficient condition that at least one of these 
substitution groups is transitive is that all the invariants of G are equal 
to each other and when this condition is satisfied all of these substitution 
groups are transitive. That is, when G has different invariants, then all 
the operators of the same order cannot be conjugate under the group of 
isomorphisms of G unless this order is a maximum for G. For our present 
purpose it is, however, more important to note that the orders of these 
substitution groups increase with the order of the operators to which they 
correspond, and that the invariant subgroup of the group corresponding 
to the operators of order »* which corresponds to the identity of the 
group corresponding to the operators of order p*~', a > 1, is abelian and 
of type (1, 1, 1, ...). Hence it results that the group of isomorphisms 
of every abelian group of order p™ which involves operators of order p* con- 
tains an invariant subgroup whose order is of the form p*, composed of all 
its operators which leave invariant every operator of order p* contained in 
this abelian group, where a varies from 1 tol — 1. 

From this theorem it results directly that the substitution group which 
corresponds to the permutations of the operators of order p in H, must 
involve all of the factors of composition of the group of isomorphisms of 
G except some of those which are equal to p. ‘This substitution group 
has a number of transitive constituents which is equal to the number 
of the different invariants of G, and the group of isomorphisms of G 
is solvable whenever this substitution group is solvable, and vice 
versa. It is therefore easy to determine therefrom a necessary and suffi- 
cient condition that the group of isomorphisms of G is solvable, since the 
group of isomorphisms of the abelian group of order »* and of type 
(1, 1, 1,...) is insolvable whenever a > 1 and p > 3, and also whenever 
a > 2and p = 2or3. Hence there results the following theorem in re- 
gard to the solvability of the group of isomorphisms of any abelian group 
of order p”: A necessary and sufficient condition that the group of iso- 
morphisms of an abelian group of order p”, p being a prime number, is 
solvable is that no two of its invariants are equal to each other when p > 3, 
and that at most two of these invariants are equal to each other whenever p is 
2 or 3. 

It results directly from the preceding developments that a necessary 
and sufficient condition that the group of isomorphisms of an abelian 
group of order »” contains only one Sylow subgroup whose order is a 
power of p is that no two of its invariants are equal to each other. When 
this condition is satisfied the order of the group of isomorphisms of G 
is the product of the order of this Sylow subgroup and (p — 1)”. In 
particular, a necessary and sufficient condition that the order of the group 
of isomorphisms of the abelian group of order 2” is a power of 2 is that 
no two of the invariants of this abelian group are equal to each other. 
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When the invariants of such a G vary from p to p” the order of H,, k S 7, 
is p with the exponent 
_ k(k — 1) 


ky 5 


and the number of the characteristic subgroups whose largest invariant 
is p* is the (y — k + 1)" figurate number of order k. A necessary and 
sufficient condition that any abelian group of order p” contains a cyclic 
characteristic subgroup of order p* is that it contains only one largest 
invariant and that the difference between the indices of » which represent 
the values of two largest invariants is at least equal to a. 

When all of the invariants of G are equal to each other then the invariant 
subgroup of the group of isomorphisms corresponding to the operators 
of order p* which corresponds to the identity of the group of isomorphisms 
corresponding to the operators of order p*~', a > 1, is of order p”’, and 
is the direct product of substitution groups of degree p*’ — p*’~' and 
of type (1, 1, 1,...), for every value of a from 2 tol. In this special case 
the order of the invariant subgroup of order p* which is composed of all 
the automorphisms of G which leave invariant its operators of order p is 
therefore readily determined by means of the orders of these invariant 
subgroups, and 8 = 7?(l — 1). Moreover, it follows directly from these 
correspondencies that the order of the largest operator in this subgroup 
of order p® cannot exceed 7'~', and this order is obviously actually at- 
tained when p > 2, and also when p = 2 and y > 1. These results can 
readily be applied to the groups of isomorphisms of any abelian group. 
In particular, a necessary and sufficient condition that the group of iso- 
morphisms of any abelian group is solvable is that it has either at least 
two invariants which are equal to p* when » > 3, or at least three such 
invariants when / is either 2 or 3, when the invariants of the abelian 
group are so chosen that each is a power of some prime number . 

In view of the simplicity of the category of groups all of whose operators 
can be represented in the form s*/, where s and ¢ are two generating 
operators of the groups, it seems desirable to note here the exact form of a 
fundamental theorem relating thereto which was stated inaccurately in 
my article published in these PROCEEDINGS, volume 13 (1927), page 759, 
as well as in the abstract of this article which appeared in the Fortschritte 
der Mathematik, volume 53 (1930), page 106. This theorem should read 
as follows: A necessary and sufficient condition that all the operators of a 
group which is generated by s and t can be represented in the form s*f is 
that the largest subgroup of at least one of the two subgroups generated by s 
and t, respectively, which is invariant under the entire group, gives rise to a 
quotient group in which the subgroup corresponding to the other is in- 
variant, 
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It may be desirable to add here that when these largest invariant sub- 
groups of the two groups generated by s and #¢, respectively, are of the 
same index under these cyclic groups then the quotient group with re- 
spect to the invariant group generated by these subgroups is the direct 
product of their complementary cyclic groups. Moreover, these two 
invariant cyclic subgroups must always generate an abelian group when 
the cyclic groups generated by s and #, respectively, have only the identity 
in common. That is, when the order of this group is a maximum. ‘The 
fact that the term ‘“‘un teorema del Chapman,’’ which appears on the 
page preceding the one of the Fortschritte der Mathematik to which we 
referred in the preceding paragraph, is a misnomer was noted by Chapman 
himself in the Messenger of Mathematics, volume 43 (1914), page 85. 
This correction seems especially desirable since the theorem is quite 
elementary. : 


COALESCENCE OF PARTS OF A COMPLEX 


By ARTHUR B. Brown! 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated April 18, 1930 


1. JIntroduction.—We shall obtain relations involving the changes in 
Betti numbers resulting when a number of homeomorphic parts of a 
complex are made to coincide. Related questions have been treated by 
W. Mayer,? L. Vietoris* and the writer.‘ 

Notations in analysis situs will be as given in a paper by Alexander,® 
with the terms closed chain and connectivity number replaced by cycle and 
Betti number, respectively. The proofs and results hold for Betti numbers 
taken either absolute or modulo 2. We use R;(K) to denote the 7th Betti 
number of K. 

2. Corresponding Chains——The main theorem follows. Its proof will 
require a few more sections. 

THEOREM 1. Let A be a given n-complex, and By, By, . . ., By sub-com- 
plexes such that no two have a point in common and.each two are homeo- 
morphic under a cell-to-cell correspondence. Let D be the complex obtained 
by regarding corresponding points as identical. Then non-negative integers 
a,4=0,1,...,; and Bj = 0,1,...,2 +1; exist, with By = Bur, 
= 0, such that 


kR,(B,) = B+ + a;, (2.1) 
R(D) — R(A) = 8; — @, 4=0,1,...,0. (2.2) 








402 MATHEMATICS: A. B. BROWN Proc. N. A. S. 


Proof.—First we take the case k = 1, and denote By and B,; by B and 
C, respectively. Let E be the sub-complex. of D corresponding to B 
and C. 

Given an i-chain of one of the complexes in question, the corresponding 
i-chain of another complex is denoted by adding as a subscript the letter 
denoting the latter. If, say, G,’ is an i-chain of D, G,,' is the i-chain 
of A determined by the corresponding i-cells not in C. If G;' is the chain 
of D corresponding to some given chain of A, we denote the latter by 
G,,', that is, by making a the first subscript. 

Similar notation will apply to sets of chains. 

3. Homologies on D.—Let A‘ be a base for (homologies among) the 
i-cycles of A. A certain number of linearly independent combinations 
of cycles of A,’ will bound on D. The corresponding combinations of 
cycles of A’ can be taken as members of a new base for i-cycles of A, 
which we consider to be the original base. Then the cycles of Aji consist 
of two sets, say F' and H’', such that every cycle of F' bounds on D, and the 
cycles of H' are independent non-bounding on D. 

Given an i-cycle, say F,', of F’, let K'*! be a chain of D, and L‘ an 
4-chain of A, such that 

K,'*'—> Fy, (3.1) 


Kit! —> Li + F,,. (3.2) 


Then L’ is confined to B and C. Since F,,' is an i-cycle, the parts of L’ 
on B and C, say L,' and L;’, respectively, are likewise i-cycles. By con- 
sidering K,'t' mapped back on D we infer from (3.2) and (3.1) that 
Lya' + La’ = 0. (3.3) 
We call Lya' the cycle of E associated with F,‘, and denote by G' the set of 
all cycles thus associated with cycles of F’. If we call L,4’ = G,', we find 
from (3.3) that (3.2) can be written as follows: 
ae —— Gy sip oc + Pag (3.4) 
4. New Independent Cycles of D.—Let M’ be a set of i-cycles of D which, 
together with those of H form a base for i-cycles of D. Given a cycle, say 
My, of M ‘let N,'~! be the part in B of the boundary of M,,’. Then 
N,'~' is an (¢ — 1)-cycle, as may be proved in a way similar to that used 
for L,’ in section 3. We call Ni/~' the cycle of E associated with M,', 
and denote by N‘~' the set of cycles thus associated with cycles of M’. 
Lemma 1. The cycles of N’ are independent on E. 
Proof.—Suppose N,' is a combination of cycles of N‘’ which bounds a 
chain, say Lt’, on E. Let M,'t! be the corresponding ‘combination 
of associated cycles of M**!. Then 


a = Nie sa Ny. (4.1) 
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This is proved in a way similar to that used for (3.4). 
Since N,,' and N,,) necessarily bound L,'t' and L,'*', respectively, 
we infer from (4.1) that 


M,'t! — Lyit? + Lit! 


is an (¢ + 1)-cycle of A. Therefore there exists an integer m # 0, and 
a combination A,'t! of cycles of A‘*!, such that 


m(M,_°** <: LO + oe + — ~OonA. 
Since L,4't! = L,4'*', that gives us the following homology on D. 
mM,'*! + Ht! ~ 0 on D. (4.2) 
Here H,'*' is obtained by dropping from A,,'*" 
of F'*! that appear in it. 

Since the cycles of M't' and H't' are independent on D, it follows from 
(4.2) that M: . is a trivial combination (one with all coefficients zero) of 
the cyles of M ‘+1 Hence N;' is a trivial combination of the cycles of N’, 
and Lemma 1 is true. 

Lemma 2. The cycles of G’ and N' are independent on E. 

Proof.—Suppose G;' and N;,' are combinations of cycles of G' and N’, 
respectively, and Lt! a chain of E, such that 


all multiples of cycles 


Lit! —> G/ + Ny. (4.3) 


Let F;' be the combination of associated cycles of F’ corresponding to 
G,’, and K,'t! the corresponding combination of the chains K‘*! used 
in defining the set G’. Let M,'*! be the combination of associated cycles 
of M‘*! corresponding to N,’. Then 


K,,'t! — F,j + Gy’ — G2; (4.4) 
M,,'t! — Ny’ — Nid; (4.5) 
— Lt! —>— G,' — Ny’; (4.6) 
Lit! —>G6,i + Md. (4.7) 


Here (4.4) and (4.5) are obtained in the same manner as (3.4) and (4.1); 
and (4.6) and (4.7) are obtained from (4.3). 

By adding (4.4), (4.5), (4.6), (4.7) we find that F,,’ bounds on A. 
Therefore, F,,‘ is a trivial combination of the cycles of A’. Hence G;' 
is a trivial combination of the cycles of G’. It follows from (4.3) that 
N;' bounds on E, and we infer from Lemma | that N;' is a trivial combina- 
tion of the cycles of VN’. Thus Lemma 2 is proved. 
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5. The Betti Numbers of E. “4 
Lemma 3. The cycles of G' and N‘ form a base for i-cycles of E. 
Proof.—Given an i-cycle Q of E, we shall show that it is dependent 
as regards homologies on E, on cycles of G' and N’. 
An integer m ~ 0, a combination A; of cycles of A’, and a chain S‘t! 
of A, can be found such that 
Sit! —> Al + m(Qé — Q/). (5.1) 


We infer that Aid bounds on D, hence is a combination, say F ', of cycles 
of F*. Thus 
Sit! — Fy. (5.2) 


Let G;' be the combination of cycles of G' associated with F,', and K,'*! 
as defined in section 4. Then, as in section 3, 
K,'t! — F;; (5.3) 
K,,'t! — Ai + Gy' — Gd. (5.4) 
We see that (S,'t! — K,'*') is a cycle. Therefore, an integer p ¥ 0; 


combinations H,'** and M,'*' of the cyles of H't! and M**", respectively ; 
and a chain 7‘*? of D, exist such that 


Tit? —> HiT} wis M;i*?} + etait es x"). (5.5) 
Let N;' be the combination of cycles of NV ‘ associated with M,'t!. Thus, 
as in (4.5), 
u** — Nw’ He Me (5.6) 
Let U'*t' be the chain of A such that 
Tit? —> U't! + Ht! + M,'t' + o(S'*! — Kt"). (5.7) 
Comparison with (5.5) shows that U‘*! is entirely on B and C. Let 
V,' and V," be the chains of B and C, respectively, such that 
Uitt —> Vi + Vi. (5.8) 
By use of (5.1), (5.4), (5.6) and (5.8) we find that the boundary of the 
right-hand member of (5.7) is 
V;' + V; + Nw’ a Nid + pmQ;' ae” pmQ,' ee pG,s' + pG,.. 
Since the boundary of a cycle is zero, since B and C are distinct, and since 


this sum contains only chains of B and C, we conclude that the chains in 
B sum to zero. Thus 


Vii + Nui + pmQ/ — pGy' = 0. 


Since V;' bounds the part of U‘'t! on B, we conclude that (Nie + pmQ, 
— pG,,') likewise bounds on B. Therefore (N,’ + pmQ’ — pG,') bounds 
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on FE. Hence Q is dependent, on E£, on cycles of NV ? and G’, and Lemma 
3 is proved. 

6. Completion of the Proof—tLet a; be the number of i-cycles in each 
of the sets G' and F’, and f* the number of cycles in each of the sets M’ 
and N‘~'. ‘The (2.1) is a consequence of Lemma 3, and (2.2) is a conse- 
quence of the definitions of M’ and F’. Since no part of A is separated 
from the rest by the coalescence, it follows that By) = 0. Since D con- 
tains no (m + 1)-cells, 8,4, = 0. Hence Theorem 1 is proved for k = 1. 

If k > 1, we obtain D as a result of k steps, at each step making one 
more of the complexes B; coincide with those that have already been 
brought together. At each step we apply (2.1) and (2.2) for the case 
k = 1, and by adding these relations we obtain (2.1) and (2.2) for general 
k, where a’ and #' are the sums of the a’ and 6’, respectively, appearing 
in the k steps. Thus Theorem 1 is proved. 

CoroLLaRy.—Let A;, C;, D;, denote the ith Betti numbers of A, Bo and 
D, respectively. Then the following relations hold.® 


kCy + Do 2 Ac = Da, 
(RCo + Do) — (RC: + Di) S Ao — Ai S (RCo + Do) — Di, 


(RCo + Do) — (RC, + Di) + (RC2 + Ds) 2 
Ay — Ai + Az 2 (hCo + Do) — (RC + Di) + Dr, 


(RCo + Do) — ... + (—1)*(RC, + D,) = Ao —... + (—1)*A,. 


Proof.—The relations can be verified by use of (2.1) and (2.2), and the 
equations B, = B,+, = 0. 

8. A Special Case-——The hypotheses in the following theorem are 
made more general for use in an application. We use 6; = 1 or 0 ac- 
cording as 7 = j ort # 7. 

THEOREM 2. Let S be an n-manifold with the Betti numbers of an n- 
sphere, and C an (n — 1)-mantfold which is a sub-complex of S. Let A 
and B be point sets on S possessing finite or infinite topological Betti numbers, 
such that each contains C and has the structure of a complex near C, and the 
parts of A and B not on C are on opposite sides of C. Let D be the set con- 
sisting of all points in either A or B or both. Then 


R(A) + R(B) = R(C) + R(D),+ = 0,1,...2-1, (8.1) 
if D does not cover all of S. If D covers S, then 
(Ri(A) + R(B) = R(C) + R(D) — 6,-1.6 = 0.1,....2-1, (8.2) 
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Proof.—By adding the relations of Lemmas 1, 2, 4 and 6 in my paper 
cited above‘ we obtain the following equation. 


R(C) + R(D) = RA) + R(B) + ci + ci’. (8.3) 


By c, is meant the maximum number of independent i-cycles of C each 
of which bounds both on A and on B. 

By use of the Alexander-Veblen deformation process’ any chain on 
D can be replaced by a chain which has, near C, the structure of a sub- 
complex of D. The proofs in my paper‘ show that this is sufficient to 
obtain the results used in deriving (8.3). Since addition of transfinite 
numbers is permissible, (8.3) is established under the present hypotheses. 

From Lemma 6 of our paper* we have 


R(D) =a' +b +a' +¢' 1,1 =0,1,...,2, 
where a’, b, c’ denote non-negative integers. Hence, if D = S, 
cf = &~..,,4=0,1,...%—1, (8.4) 


except possibly fori = » — 1. Since C itself bounds both on A and on 
B it follows that c;"~' = 1, and hence (8.4) is correct. 

From the definition of c,' we conclude that its value for arbitrary D 
does not exceed the value given in (8.4). Therefore 


coi = 0, 1=0,1,...,.”—-—1, (8.5) 


if D does not cover S, except possibly fori = n — 1. Nowifan (m — 1)- 
manifold of C bounded both on A and on B it must bound sub-complexes 
of S, which together cover S. An easily proved consequence is that D 
would cover S. Hence (8.5) is correct. 

Now we may verify (8.1) and (8.2) by substituting in (8.3) from (8.4) 
and (8.5), respectively, and the proof is complete. 


1 NATIONAL RESEARCH FELLOW. 

2 W. Mayer, Monatsh. Math. Phys., 36, 1-42 (1929). 

81. Vietoris, Ibid., 37, 150-162 (1930). 

4A. B. Brown, Amer. J. Math., 52, 251-270 (1930). 

5 J. W. Alexander, Trans. Amer. Math. Soc., 28, 301-329 (1926). 

6M. Morse, Jbid., 27, 345-396 (1925), and these ProckEpINGS, 13, 813-817 (1927), 
was the first to state relations of this nature. 

70. Veblen, Cambridge Colloquium, Analysis Situs, Chap. 3. 
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AN EXTENSION OF THE ALEXANDER DUALITY THEOREM 


By ARTHUR B. Brown! 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 


Communicated April 18, 1930 


1. Removal of a Closed Set.—Notations are as in the preceding paper.* 
If K is closed R;(K) is called the Vietoris Betti number if it is under the 
Vietoris definition,* as modified by Lefschetz‘ so as to apply to absolute 
Betti numbers. Unless otherwise stated, R;(K) is defined topologically. 
All formulas hold fori = 0, 1, ..., 2 — 1, unless otherwise stated. 

THEOREM 1. Let S be an n-manifold with the Betti numbers of an n- 
sphere. Let D be a point set on S with finite or infinite topological Betti 
numbers, and K a closed point set on a part of D which is open with respect 
to S. Then tf D does not cover all of S, the following relations hold, where 
R,-i-1 (K) is the Vietoris Betti number. 


R(D — K) = R(D) + R,-;_,(K), 4 = 0,1,...8—1. (1.1) 


Proof.—By subdividing S we can obtain a sub-complex A which is an 
open -manifold with boundary C an (m — 1)-manifold, such that K is 
interior to A and A is in the open part of D mentioned above. Let B 
and B, be the loci obtained from D and S, respectively, by removing the 
interior of A. We subdivide a part of B near C into cells, by taking 
cells of a subdivision of S. Now we apply (8.2) of the preceding paper, for 
A, B,, Cand S, and with R;(S) replaced by its value 6;, we have 


RA) + R(B,) = R(C) + 6, — 8-4. (1.2) 


Since (1.1) are obviously satisfied if K is vacuous, we may assume that 
K is not vacuous. Then no one of S — K, D or D — K covers S, and 
the following three applications of (8.1) of the preceding paper are valid. 


R(A) + R(B) = R(C) + RD); (1.3) 
R(A — K) + R(B,) = R(C) + RS — K); (1.4) 
R(A — K) + R(B) = R(C) + R(D — K). (1.5) 


Now we write the Alexander duality relation’ as extended by Alexan- 
droff,® Lefschetz and Alexander.”** 


RS — K) = Ry-i-(K) + 850 — &n-1- (1.6) 


It is now a simple matter of substitution to derive (1.1) from (1.2), (1.3), 
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(1.4), (1.5) and (1.6). Care must be taken not to subtract transfinite 
numbers, but this causes no difficulty when we note that A, B, and C 
have finite Betti numbers. Thus Theorem 1 is established. 

2. Removal of an Open Set.—The following theorem is an almost direct 
corollary of the Alexander duality theorem. 

THEOREM 2. Let S be an n-manifold with the Bettt numbers of an n- 
sphere. Let D be a closed proper sub-set of the points of S, and K a point 
set on D which is open on S. Then 


RD ae K) er R,(D) + Re-i-1 (K),1 x5 0, 1, oa ee 1, (2.1) 


where R;(D) and R;(D — K) are Vietoris Betti numbers. 

Proof.—Since K and (S — D) are open sets having no points in common, 
neither contains a limit point of the other. From this fact it can be 
shown easily that 


R|K + (S — D)] = R(K) + R(S — D), (2.2) 


since topological Betti numbers are meant. Now we write the Alexander 
duality theorem for the closed sets D and (D — K): 


R(D) = R,-i-.(S — D) + 8, — Ono (2.3) 
R,(D — K) = R,-;-, (K) + Ry-i-1 (S— D) +8, — 8 n-y, (2.4) 


where (2.4) is written with the aid of (2.2). By substituting from (2.3) 
in (2.4) we obtain (2.1), and the theorem is proved.’ 

1 NATIONAL RESEARCH FELLOW. 

2 A. B. Brown, this number of these PROCEEDINGS. 

31. Vietoris, Math. Ann., 97, 454-472 (1927); 101, 219-225 (1929). 

4S. Lefschetz, Annals of Math., (2) 29, 232-254 (1928). 

5 J. W. Alexander, Trans. Amer. Math. Soc., 23, 333-349 (1922). 

6p, Alexandroff, Compt. Rend., 184, 425-428 (1927). 

7S. Lefschetz, these PROCEEDINGS, 13, 614-622, 805-807 (1927). 

8S. Lefschetz, forthcoming Colloquium Publication, Topology, Ch. VII. 

® Added in proof-sheets. Another proof has been found, which is longer, but de- 
pends only on the Alexander theorem. It will appear in Ann. Math. 
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MORE COMPLETE DISCUSSION OF THE TIME-DEPENDENCE 
OF THE NON-STATIC LINE ELEMENT FOR THE UNIVERSE 


By Ricuarp C. ToLMAN 
NorMAN BRIDGE LABORATORY OF PuysiIcs, PASADENA, CALIFORNIA 


Communicated May 15, 1930 


§1. Introduction.—In a previous article,! I have shown that a continu- 
ous transformation of matter into radiation, occurring throughout the 
universe, as postulated by the astrophysicists, would necessitate a non- 
static line element for the universe, and have shown that the non-static 
character thus introduced might provide an explanation of the red shift in 
the light from the extra-galactic nebulae. In the present article, I wish 
to discuss the form of dependence of the line element on the time more 
completely than was possible on the previous occasion. This is a matter 
of considerable importance, since changes in the approximations which 
must be introduced to obtain a usable result affect to quite a different 
extent the expressions for the relation between red shift and distance and 
for the rate of annihilation of matter. Indeed, the possibility arises of 
slight changes from the treatment previously given which would leave 
the theoretical relation between red shift and distance still approximately 
linear, as observationally found, and yet produce a very considerable 
change in the calculated rate for the annihilation of matter. 

§2. The General Form of the Line Element.—As shown in the article 
already mentioned, a satisfactory non-static line element for the universe 
can be derived in the general form 


& 
ds? = — oe (dx? + dy? + dz?) + di’, (1) 


2 
ta 
where r is an abbreviation for ~/x? + y? + 2, R is a constant, and the 
time appears in the gravitational potentials only in the function g(¢) as 
shown in the equation. 

The derivation of this line-element can be rigorously obtained from the 
principles of general relativity on the basis of the following five assumptions: 
(a) The line element shall have spatial spherical symmetry in agreement 
with the approximately equal distribution of nebulae in different directions 
observationally found. (b) The velocity of light shall be the same in 
opposite directions, say, for example, +dx/dt and —dx/dt, in agreement 
with the approximately uniform distribution of nebulae observationally 
found.? (c) Nebulae which are stationary in the system of codrdinates 
chosen shall remain stationary and not be subject to accelerations, in 
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agreement with the necessities for a stable model for the universe. (d) 
The percentage rate for the increase with time in the proper volume 
bounded by a system of nebulae shall be independent of position. (e) 
And finally, the average density of matter shall be independent of position, 
both of the two last requirements again being in agreement with the ob- 
servational uniform density of nebular distribution. 

Since these assumptions appear reasonable, the status of the above line 
element may also be regarded as reasonably satisfactory. Furthermore, 
after having published a derivation of this line element, I learned from a 
discussion with Professor H. P. Robertson that he had already previously 
published* the derivation of an entirely equivalent line element, based on 
very general geometrical considerations as to the homogeneity and iso- 
tropicity of space-time and its separability into space and time. I think 
that the agreement of the results of the two methods of attack is very 
satisfactory. 

Before leaving the subject of the validity of the general form of the 
non-static line element for the universe, some remarks should be made, 
however, concerning the continuous and uniform distribution of matter 
which has been tacitly or explicitly assumed in its derivations. With 
regard to the continuity of distribution, it is evident that the derivation 
of this line element, as of previous cosmological line elements, is dependent 
on a neglect of the local gravitational fields due to the immediate neigh- 
borhood of stars or stellar systems. And at a later stage of theoretical 
development it may be necessary to make corrections for this, since, if we 
exclude some slight evidence for the existence of intergalactic dust, the 
matter that we can actually observe in the universe appears to be con- 
centrated in widely separated nebulae which are pouring radiation into 
the intervening space. With regard to the assumed uniformity of dis- 
tribution, this is in agreement with the average approximate uniformity 
in the distribution of nebulae found to exist to those distances to which 
the Mount Wilson instruments have been able to penetrate.‘ It would, 
however, be quite out of keeping with a desire to correlate known experi- 
mental facts with the help of accepted theory to demand that this approxi- 
mate uniformity should necessarily continue to all distances. The above 
line element agrees with the approximately uniform distribution to the 
distances that we now know and its form can presumably be subjected to 
reasonable modification to allow for deviations from uniformity that may 
later be established. 

§3. Application of the Laws of Mechanics.—As a preliminary to our 
discussion of the form of g(t), it will first be desirable to consider the 
application of relativistic mechanics to the above line element. 

As shown in the previous article, values for the energy-momentum tensor 
corresponding to the line element (1) can be calculated from the principles 
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of general relativity, and treating the material in the universe as a perfect 
fluid, can be written in the form: 


1 - 
8nTj = 8xTz = 8473 = —8rpo = pz ef +g+  ¢? —A 


3 3g? — A 
StS wn ae “thnk “8 
WL 4 Sapo R (2) 


8rT? = 0 (u = ») 


8xT = 82 =e . + 3g + 3g? — 4A 
where po is the proper pressure, poo, the proper macroscopic density, po, 
the proper density of matter, A, the cosmological constant, and the dots 
indicate differentiation with respect to the time. 
With the help of these expressions for the components -of the energy 
momentum tensor we can now easily apply the principles of relativistic 


mechanics in the well-known form 
OF, 1 gap C808 _ 
Ox, 2 Oxy 


(3) 


With » = 1, 2, 3, we merely obtain identities, but substituting in this 
equation for the case » = 4, we easily obtain the important result ~ 


d des aS 
i _ 4 
show ?) Pa “) 
where for brevity we have set, as in the previous article, 
= BERN. eh 
F (5) 
[+ a 


Since érdxdydz is evidently the’ proper volume associated with the 
coérdinate range dxdydz, equation (4) has-the simple physical interpreta- 
tion that the rate of increase in the proper energy in any codrdinate range 
is the negative of the rate of expenditure of work on the surroundings. 
This is a very satisfactory and illuminating result. 

§4. The Annthilation of Matter Requires That g(t) Cannot Be a Con- 
stant—We are now ready to commence the investigation of the form of 


g(t). Since the quantity of matter in any given codrdinate range dxdydz . 


3, 
is evidently poe dxdydz, we at once see, on examining the expressions 
for po and yw given by equations (2) and (5), that the amount of matter 
in the universe can be changing with the time, through annihilation (i.e., 
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transformation of matter into radiation), only if g itself is changing with 
the time. This simple qualitative result is already of considerable in- 
terest, since it will evidently make the velocity of light in the universe 
dependent on the time and thus at least lead to a shift in the wave-length 
of light from distant objects, even though we cannot yet say whether 
this shift would be toward the red or violet. 

§5. An Additional Condition for the Stability of the Model Requires 
That g(t) Increase with the Time.—We can now show, however, that a 
further consideration of the requirements for the stability of our model 
of the universe presents a certain measure of preliminary argument which 
would lead us to expect in the actual universe a red rather than a violet 
shift in the light from distant objects. In deriving the line element (1), 
it was assumed as a necessary condition for the stability of our model that 
nebulae which are stationary in the codrdinates chosen should not be 
subject to acceleration. Let us now examine the effect of adding to this 
the further requirement that nebulae which are not stationary in our sys- 
tem of coérdinates shall tend to become so with the time. 

From the form of the line element 


ds? = — e*(dx? + dy? + dz?) + d?? (6) 
we can evidently write for the square of the spatial ‘‘velocity”’ of a nebula 
dx? | dy? *) me |(“) | 
— —+—)J=e "|(—)}) -1 7 
(= . ds* ds? ds @) 


and can hence conclude that the spatial ‘‘velocity”’ will be approaching 
zero if the quantity (dt/ds)? is approaching unity. 

On the other hand, the behavior of the quantity (dt/ds) for a particle 
such as a nebula will be determined in accordance with the principles of 
relativity by the geodesic equation 


ax. 
ds? 


dx, d. 
+ (poin} == == = 0 (8) 





and applying this to the case a = 4, making use of the expressions for the 
Christoffel symbols given by equations (19) in the previous article, we 
easily obtain 


"ig Se | 2e( de dy? =) 
—+- —| — + — — }=0 9 
ds* 2 Ot\ds* ds? + ds? (9) 


or substituting equation (7) and inserting g in place of its equivalent 


vlad ae ee a 


(Ou/Ot) we can write 
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Hence, since in accordance with equation (7) the quantity (dt/ds) 
cannot be less than unity, we can at once conclude that (di/ds) will either 
be unity or approaching unity, provided g is positive. In other words, 
a positive value for g is the necessary condition in order that nebulae 
which are not stationary in our codrdinates should tend to become so. 
On the other hand, as will be remembered from the previous article and 
as will be shown more clearly later on, a positive value for g is also the 
condition for a red rather than a violet shift in the light from distant 
objects. This result, combined with the evidences for actual stability 
in the arrangement of the nebulae, gives a certain preliminary theoretical 
support to the expectation that we shall find a red rather than a violet 
shift in the actual universe. 

Since a positive value of g leads to a positive rate of increase in the 
proper volume bounded by a system of nebulae, we can say, in accordance 
with equation (10), that in an ‘‘expanding” universe there is a tendency 
for the nebulae to “keep step” since their individual ‘‘proper” motions 
tend to decrease. On the other hand, if we insert a negative value of 
g in equation (10), we see that in a “contracting” universe there would 
be a tendency for the “‘proper’’ motions of the nebulae to increase, and 
we could not expect that line element (1) would remain permanently 
applicable. The tendency under these circumstances for the ‘‘proper’’ 
motions of the nebulae to increase with time can perhaps be interpreted 
as corresponding to a tendency for the nebulae to clump together in a 
“contracting’’ universe. 

86. Relation between g(t) and the Rate of Annthilation of Matter.— 
We must now turn to a more quantitative consideration of the form of 
g(t), by obtaining those expressions for rate of annihilation of matter and 
for red shift which correspond to the general form of the line element (1). 
In contrast to the treatment given in the previous article, we shall first 
endeavor to obtain these expressions. in their exact form and postpone 
until later the introduction of approximations, to which we shall give a 
separate treatment in §8. 

To obtain an expression for the rate of annihilation of matter we must 
first consider the distinction between the two different kinds of proper 
density indicated by the symbols poo and po. 

The quantity po, which may be called the proper macroscopic density, 
is the density of energy as it would be measured by an observer, using 
Galilean coérdinates which are stationary with respect to the macro- 
scopic motion at the point of interest, and looking at the matter and 
radiation present from a coarse-grained point of view which does not 
distinguish between individual atoms and light quanta. It hence corre- 
sponds to the total energy density of matter and radiation as it would 
be measured in ordinary laboratory experiments. 
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On the other hand, the quantity po, which may be called the proper 
microscopic density, is the density of energy as it would be measured by 
an observer, using Galilean coérdinates which are stationary with respect 
to the precise microscopic motion at the point of interest, and looking 
at the matter or radiation present from a completely fine-grained point 
of view. Hence, since the rest-mass of a light quantum is zero, pp corre- 
sponds to the density of matter alone, as measured by an observer with 
respect to which the matter is completely stationary. Thus, this is the 
quantity which will interest us in calculating the rate of annihilation of 
matter.® 

Since the system of coérdinates used in our line element (1) has been 
purposely chosen so that matter will be stationary in those codérdinates, 
except for relatively negligible ‘‘proper’’ motions, it is now evident that 
the quantity of matter in any range of coordinates f/f’ fdxdydz can 
be calculated by multiplying the proper density of matter pp by the proper 


3 
volume f ff ezdxdydz corresponding to that range. Hence, choosing 
for convenience unit codrdinate range {f° [dxdydz = 1, we can now 
write for the quantity of matter in that range 


3u 
M =p e? (11) 


and since matter, being stationary in our codrdinates, will not be moving 
across the codrdinate boundary, a calculation of the percentage rate at 
which M is decreasing with the time will give us the percentage rate at 
which matter is being annihilated. 

To calculate this quantity we can now return to equation (4), obtained 
from the principles of relativistic mechanics, and substituting the well- 
known relation between the two expressions for density 


poo = po + 3po (12) 
may write 
3u m dp 
df my, Gt, 2h 
dt pet) + 40 + 3e2 dt 0, (13) 


or substituting the expressions for M given by equation (11) and for uz 
given by (5), this can be rewritten in the form 
1 dM -, se 
_1aM _ gm, 3 dp 


: (14) 
M dt Po Po dt 


For purposes of later use we can advantageously transform the last 
term in this equation, by substituting the expressions for p) and po given 
by equations (2), in such a way as to obtain 
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9. 
, g 
Moe +(1448)2 ale. g. (15) 


Furthermore, in discussing the form of g(t) it will also sometimes be 
convenient to express this function in the form of a series 


g = Uk +12 +me+...) (16) 


where the factor 2 has been introduced to avoid later fractions, and the 
term in /° has been set equal to zero, since this merely has the effect of 
determining the choice of units used in laying off the system of spatial 
coérdinates in such a way that the line element will reduce to the special 
relativity form at ¢ = 0 and in the neighborhood of r = 0. Substituting 
this expression in equation (15), we can then write at the time ¢ = 0, 
which we shall regard as the time of observation, 


1 
3 8m 131 


1 dM i ( 2 ao 
-—— = 12—k+{1+— k. (17 
| al Po Po 1 er) 


pm 2 





Equations (14), (15) and (17) give expressions for the rate of annihila- 
tion of matter which correspond exactly to our general line element (1). 
Their further discussion, however, will be postponed until we have also 
obtained an exact expression for the relation between red shift and dis- 
tance. 

§7. Relation between g(t) and the Wave-Length of Light from Distant 
Objects—To obtain an expression for the wave-length of light from the 
nebulae, we note in accordance with the general form of the line element 
(1), that the proper period of emission dsp from atoms situated on objects 
such as the nebulae which have no coérdinate velocity would everywhere 
be the same as the coédrdinate period dt. -Hence to calculate the period 
and wave-length of the light on reception at the origin of coérdinates we 
shall only need to consider the velocity with which light impulses are 
transmitted. 

Setting ds = 0 in equation (1), we obtain for the radial velocity of light 


dr al r? | 
ON 2 5 
di + ¢ 1+ aR]? (18) 


where 7 as before is merely an abbreviation for +/x? + y? + 2%. Sepa- 
rating variables and integrating we can then write 
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as an expression connecting the coérdinate distance 7 from the origin 
to a given nebula, with the time 4 at which a given light impulse leaves 
the nebula and the time /, at which it arrives at the origin. 

For a given nebula located at 7, the value of the left-hand side of this 
equation will, however, evidently be independent of the time of departure 
t;, so that by differentiating the right-hand side with respect to 4, we can 
write 
dte 


— —¢%? = 0 2 
zs, e , (20) 


e7 8/2 


where ge and g; are the values of g at times & and 4. And taking dt, as 
the period of the light on its emission and df, its period on reception we 
can now write 


A+ 6. dh uae 


=— =e? 


d dt : 





(21) 


as an exact expression connecting the observed wave-length (A + 6d) 
of the light from the nebula with the wave-length \ of light from a similar 
terrestrial source. 

Since it is customary, however, to correlate the actual observational 
data on red shift with the distance to the nebula involved, it will be ad- 
vantageous to differentiate equation (21) with respect to 7, the coérdinate 
distance to the nebula. In doing so, we can regard ge as a constant since 
this is the value of g at the time of observation and we actually make 
observations all at the same time on the nebulae at different distances; 
furthermore, in agreement with our previous convention as stated in 
connection with equation (16), we can take g as equal to zero at the time 
of observation. On the other hand, the quantity g, will obviously change 
as we go from one nebula to a more distant one since the light will have to 
leave at an earlier time, and g is known to depend on the time. Taking 
the above into consideration we can now differentiate equation (21)and 


write 
a (*) pe = 1 e78/2 dg dt (22) 
dr\ x 2 dt dr 


The quantity dt occurring in this equation is the change in the time of 
light departure associated with the change to a nebula whose coérdinate 
distance is greater by dr, and can hence be calculated from equation (18) 
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for the velocity of light. Substituting the result in (22), we easily obtain, 
with some rearrangement, 


d (ds ee 
= (*) nae 3 (23) 
dr \x os 

4R? 
where 21 is the time derivative of g at the time of departure 4. Or sub- 


stituting for g the previous expansion given by equation (16), we can 
write: 





d {dr 1 : 

rm (5) = 2 (k + 2lt, + 3mt, +...) (24) 
yi 4R? 

where /; is the time of departure from the nebula of the light which reaches 

the observer at the origin at time f = 9. 

Equations (23) and (24) give expressions for the shift in wave-length 
with distance which correspond exactly to our general line element (1). 

§8. Correlation with Observational Data.—We now turn to the corre- 
lation of the actual observational material with our theoretical expres- 
sions for shift in wave-length and rate of annihilation. In particular, 
we must consider the different possibilities as to approximations which 
could be introduced into our theoretical expressions in order to make them 
usable at our present stage of incomplete observational knowledge. 

(a) As our first approximations, which we shall use throughout the 
remaining discussion, we shall take 7?/R?® and 5\/\ as negligible compared 
with unity. This will introduce great simplification, since, as is perhaps 
obvious and as will be discussed more completely in a later article, this 
assumption will be sufficient to make the coérdinate distance r agree with 
distances calculated in the usual manner from luminosities or from the 
angular extension of the nebulae. Nevertheless, it should be remarked 
that at least in the case of 5\/A the observational material is already 
pushed nearly far enough so as to permit a closer approximation. 

(b) On the basis of the above approximations we shall now rewrite 
equation (24) for the red shift in the form 

ad (a 2 

aL (3) =k + 2th + 3mti+..., (25) 
where L is to be taken as agreeing with the observational distances of 
Hubble. Since Hubble and Humason actually find an approximately 
linear increase of red shift with distance, the higher order terms in this 
expression cannot be large compared with k out to the most distant 
nebula so far observed® for which the time of light departure is about 
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t; = —10® years. Hence, taking the observational value k = 5.1 X 10-" 
(years)~', we can preserve the approximate linear relation provided 
|1| <5 X 10-"8 (years)~’, and | m | <5 X 10-6 (years) —3. 

(c) In the case of those objects in the universe which we can observe 
in the telescope, stars and nebulae, the pressure fp) is certainly very small 
compared with the density of matter po. Hence, in the first of the fol- 
lowing considerations we shall take po < pp. 

(d) Nevertheless, we must also consider the possible contents of inter- 
galactic space, radiation and dust, which cannot be observed in the tele- 
scope. Doing so we are forced to conclude that the temperature of inter- 
galactic space would not have to be unreasonably high to give a radiation 
pressure that would be at least of the order of the averaged out density 
of the matter that can actually be observed in the stars. Moreover, we 
have no certain means at present of estimating how much dust’ may be 
present in intergalactic space to reduce the ratio of o/po. Hence, we 
shall also give some consideration to the case pp > pp. This would 
correspond to a universe so full of radiation as to make this the chief 
determinant of its properties.® 

(e) Combining the equations for pp and pp given by (2) we can write 
for the time ¢ = 0, g = 0, the expression 42(p) + po) = 1/R* — g/2 = 
1/R? — 2l. For the case py < pp and | 2/ | < 1/R? this reduces to the 
familiar Einstein relation between density and radius of the universe, 
and using the density of visible matter estimated by Hubble® we have 
R = 8.5 X 108 cm. or changing units we obtain 1/R? ~ 10~* (years) ~. 
If there is a large density of dust in intergalactic space 1/R? would be- 
come greater. If py) < p) and | 2/ | < 1/R® the estimate can be taken 
as applying directly to the whole quantity (1/R? — 21). If po > po we 
have no satisfactory basis for estimate. 

We are now ready to consider the effect of introducing different possible 
approximations into the expressions for the red shift and the rate of anni- 
hilation of matter. 

(f) (Case po < po; 1, m, etc., exactly zero.) We shall first consider 
the very simple case in which we take the average pressure in the universe 
to be negligible compared with the average density of matter, and take 
g exactly linear in ¢. This is the case that was considered in the previous 
article. It makes the percentage red shift as given by equation (25) 
exactly linear with the distance 


d [dx 
IL (>) = k, (26) 


and in accordance with equations (15) and (16) it gives for the rate of 
annihilation of matter 
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1 dM 
eae 3k, (27) 
which holds exactly as long as po < po. 

Using the value of k determined from the red shift data, equation (27) 
requires, as shown in the previous article, an average rate of annihilation 
of matter which is of the order of that found in the most massive stars, 
much higher than that corresponding to a typical star such as the sun. 
Hence, the present treatment could hardly be correct unless the nuclei 
of the nebulae should have a very high rate of annihilation, or inter- 
galactic space should contain dust having a high rate of annihilation. 
Neither of these suggestions, however, seems impossible. In par- 
ticular, intergalactic dust might perhaps be expected to have the high 
rate of annihilation of an early type star and might be the source of the 
cosmic rays, which if radiational in character must certainly originate 
in very diffuse matter.’ , : 

The logarithmic decay of matter given by equation (27), which remains 
exact as long as pp < po, might be regarded as furnishing theoretical 
support for setting ] = m = ... = 0, except for the complicated nature 
of the actual observational facts as to the rate of annihilation of matter. 

(g) (Case po < po; 1, m, etc., not exactly zero.) We next consider 
the possibility of dropping the assumption that g is exactly linear in ¢, 
keeping /, m, etc., small enough, however, as discussed in paragraph }, 
not to disagree with the observational linearity of red shift with distance. 
Equation (17) for the rate of annihilation of matter then reduces so that 
it can be written in the form 





. a m 
~ Mdt is 1 98) 
t=0 (S — 21 


Referring to paragraph e, however, if we take Hubble’s estimiate of the 
density of matter in the universe, we have (1/R? — 2/) ~ 10~-* (years) —*. 
And on the other hand, from paragraph b, we only need | l | <5 X 1078 
(years) ~? and | m/k | < 10~—'* (years)~?, in order not to disagree with the 
observational linearity of red shift with distance. 

Hence, the possibility very definitely arises that the actual values of 
m or | might be large enough to produce a large effect on the calculated 
rate of annihilation of matter, without causing a disagreement with the 
observational relation between red shift and distance. More specifically, 
a small positive value of /, which would reduce the fractional rate of anni- 
hilation far below 3k, would not be impossible. At the present stage 
of our knowledge this possibility alone is sufficient to keep us from dis- 
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carding the general theory on the basis that it gives too high rates of 


annihilation. 

(h) (Case po > po; 1, m, etc., exactly zero.) The treatment of cases, 
in which the pressure is not assumed negligible compared with the density 
of matter, is not easy as we have little to guide us. We restrict ourselves 
to a universe which is so full of radiation that p) > po, and assume g 
exactly linear with respect to ¢. Equation (17) for the rate of annihila- 
tion of matter then evidently reduces to 


Bes = 24, (29) 
M dt 7 ae. 
‘(= 

and with fp very large compared with pg this gives a rate of annihilation 
of matter very high to appear probable. But of course this one case does 
not exhaust the possibilities of universes containing appreciable radiation. 

In conclusion, it is merely desired to emphasize the possible flexibility 
as to the calculated rate of annihilation which would arise as shown above 
if g were not exactly linear in ¢, even though the exactly linear relation 
still appears very attractive. The desirability of further observational 
determinations of the relation between red shift and distance, in order to 
determine the actual relation between g and ¢ as accurately as possible, 
is of course obvious. 


1 These PROCEEDINGS, 16, 320 (1930). The present article is part of the further 
investigation of the effect of the mathematical approximations mentioned in the previous 
article, p. 336. Computations for a less unduly simplified model have not yet been 
made. 

2 The effect of this restriction is to make gi, = gos = gsa = 0. In the previous article 
this result was obtained by requiring that the line element should be symmetrical with 
respect to past and future time. 

3 Robertson, these PROCEEDINGS, 15, 822 (1929). 

4 Hubble, Astrophys. J., 64, 369 (1926). 

5 For details as to this distinction between poo and po, see Eddington The Mathe- 
matical Theory of Relativity, Cambridge, 1923, pp. 117, 121, 122. In the present 
stage of physics, arguments might be brought against the definition of py given by Ed- 
dington and in the text above, on the ground that the uncertainty principle would rule 
out the possibility of attaching any meaning to such a microscopic quantity. Such 
arguments would perhaps be valid. For the purposes of the present article, however, 
we could regard po as defined by poo — 30 which under our circumstances is obviously 
the total macroscopic energy density minus that for radiation alone. 

6 Data of Hubble and Humason not yet published. 

7 According to a private communication from Dr. Hubble, the total mass of dust 
spread out through intergalactic space could be several thousand times as great as 
the mass concentrated in the nebulae without being detectable by present astronomical 
methods. ; 

8 This possibility has already had some previous consideration. See Silberstein, 
Phil. Mag., 9, 50 (1930). Also Tolman, these PRocEEDINGS, 15, 303 (1929). 

9 See reference 4. 
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THE SIGNIFICANCE OF RECENT COSMIC-RAY EX PERIMENTS 
By R. A. MILLIKAN AND I. S. BOWEN 
NoRMAN BRIDGE LABORATORY OF PHysSICs, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Read before the Academy, April 29, 1930 


The particular recent cosmic-ray experiments, the significance of which 
we wish to discuss, are (1) as yet unpublished results of work by Millikan 
and Cameron on.absorption coefficients of cosmic rays on high mountains 
and at great depths in mountain lakes, (2) recent experiments by Millikan 
and Bowen on the absorption of gamma rays in mountain lakes, (3) new 
experiments in the Norman Bridge Laboratory by Chao on gamma-ray 
absorption, and (4) experiments by Bothe and Kolhérster and by Curtis 
on coincidences obtained with the use of cosmic rays in Geiger-Miiller 
ionization counters. 

The significance of these four groups of experiments in their relation 
to the atom-building interpretations of cosmic rays first presented by 
Millikan and Cameron in 1928' can best be seen by a brief review of the 
reasons for, and the nature of, this hypothesis. 

In their review of the field presented at Leeds in September, 1927, 
Millikan and Cameron stated that in their trip to, and work in, the High 
Bolivian Andes in the summer of 1926, they had established, at least to 
their own satisfaction, the independence of cosmic-ray effects upon both 
latitude and direction within the limits of their observational uncertainty, 
which they estimated at about three per cent—a figure, however, which 
they then doubled so as to have an ample margin of safety. At the time 
of these experiments they were alone in these findings, but very recent 
European work by Hoffman and Lindholm,’ Steinke* and Hess and 
Mathias® has apparently removed all doubt as to the correctness of these 
important conclusions within the aforementioned limits of uncertainty. 
This lack of dependence of cosmic-ray intensities upon the direction of 
the sun, of the Milky Way or of the nearest of the spiral nebula, Andro- 
meda, is certainly one of the most strange and most significant properties 
of these rays. Minute variations with both latitude and direction may 
still be found without necessarily modifying the following conclusion, 
which is to be drawn from this practical uniformity of the flow of cosmic- 
ray energy into the earth from all directions, namely: that the cosmic 
rays do not come more abundantly from those directions in the universe 
in which matter is most abundant, means, when combined with the fact 
that they can penetrate but a few hundred meters of water at most, 
that they must originate in those portions of the universe where mat- 
ter is very rare, or, as stated in the Nature article, ‘‘in the depths of 
space.” 
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In this Nature article the authors inclined toward the view that these 
rays are due to-very high-speed electrons that have acquired their energies 
through falling through cosmic electrical fields reaching values of hundreds 
of millions of volts. However, within six months of that. time they were 
forced to abandon that hypothesis by their discovery of a definite banded 
structure in their cosmic-ray curve. ‘This banded structure, combined with 
independence of latitude and direction, required continually recurrent 
processes, which release a definite sequence of energies, to be going on 
practically uniformly all about us “in the depths of space.” 

Aston’s very precise measurements of atomic weights then appeared 
in the fall of 1927, and Millikan and Cameron by combining these measure- 
ments with Einstein’s equation MC? = E found that their sequence of 
observed cosmic-ray penetrating power was about what was to be expected 
from the sequence of energies computed to be released by the building 
out of hydrogen of the celestially abundant elements helium, oxygen and 
silicon. Not only did the sequence of penetrating powers and relative 
intensities seem to fit pretty well the sequence of energies and intensities 
to be expected on the basis of the abundance of the elements, but the 
only formula then available for translating energy into penetrating power, 
that of Dirac, reproduced roughly the observed penetrating powers. 

As was then stated, this last point needed further testing, especially 
at high altitudes and at great depths beneath water, for the hypothesis 
of atom-building required a very weak radiation of greater penetrating 
power than any we had observed and corresponding to the formation of 
the heavy but rare elements out of hydrogen. Also the Dirac formula 
required that the ionization-depth curve be somewhat less steep at high 
altitudes than our first observations had seemed to indicate was the case. 

Meanwhile the Dirac formula had been called in question by the theorists 
and replaced by one they thought theoretically sounder, though still 
resting upon uncertain assumptions. This was the so-called Klein- 
Nishina formula. This formula required that the observed ionization- 
depth curve become considerably more steep at high altitudes than the 
Dirac formula permitted, or even than the preliminary earlier observations 
had indicated. 

The first as yet unpublished results, the significance of which we are 
discussing herewith, are those of Millikan and Cameron reported briefly 
at the meeting of the National Academy in November, 1929. These 
revealed, first, also in accord with Regener’s findings, a very weak, very 
penetrating radiation at great depths beneath the surface of Gem Lake, 
300 feet and more, due, according to the atom-building hypothesis, to 
the formation of the heavy and rarer elements out of hydrogen. Second, 
they also revealed at great altitudes on mountain peaks the steeper iontzation- 
depth curve predicted by the Klein-Nishina formula from the hypothetical 
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formation of helium out of hydrogen. In other words, the development of 
the Klein-Nishina formula has strengthened rather than weakened the evi- 
dence for the atom-building interpretation of the cosmic rays. 

The second group of experiments upon which we are herewith making 
a preliminary report represent observations taken by Millikan and Bowen 
last summer (1929) in the waters of Arrowhead Lake for the sake of com- 
paring directly the absorption coefficient of the monochromatic radiations 
from ThC’, first with the demands of the Klein-Nishina formula, and, 
second, with the absorption coefficient of the softest of the cosmic radia- 
tions. 

The Klein-Nishina formula was found to predict fairly well the observed 
results on these rays. Further, the penetrating power of the softest of 
the cosmic rays into the waters of the lake was found to be roughly five 
times that of these gamma rays of ThC” into the waters of the same lake. 
This relative penetrating power corresponds, according to the Klein- 
Nishina formula, to an energy of the softest cosmic rays about ten times 
that of these hardest gamma rays, and this 1s also the relative energy of the 
gamma rays from ThC" and the energy of the softest cosmic ray as computed 
from the Etnstein equation, the Aston curve and the assumption that the 
softest cosmic ray is produced by the formation of helium out of hydrogen. 
These facts then support strongly the atom-building theory. 

The only other hypotheses that have been put forward as to the origin 
of the cosmic rays are first, the falling of electrons through many million 
of volts of cosmic P. Ds.—an hypothesis that seems to be barred out by 
the banded structure of the cosmic rays—and second, the annihilation of 
positive and negative electrons through their complete union. This act 
should release an energy 350 times that of the hardest gamma rays, in- 
stead of 10 times, as required by the union of four hydrogen atoms into 
helium, and as given by observation, if the Klein-Nishina formula is taken 
as a guide. 

The weakness in the foregoing argument is that there is some little 
uncertainty about the legitimacy of extrapolating by means of the Klein- 
Nishina formula from ThC” rays to rays five times as penetrating. This 
Klein-Nishina formula is certainly only an approximation, for it assumes 
that absorption is proportional to the number of external electrons and 
Mr. Chao’s new results® obtained in the Norman Bridge Laboratory show 
that this is not true even for the ThC” rays, the heavy elements like lead 
showing an absorption that is greater than that given by the atomic 
number (or external-electron) law, or even by the mass-absorption law. 
Millikan and Cameron’s new results show that this same sort of a breakdown 
as even more pronounced with cosmic rays, thus suggesting a similarity 
in nature between gamma rays and cosmic rays. Bothe and Kolhorster 
have recently argued for the corpuscular character of cosmic rays because 
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beta rays also show this same sort of behavior with respect to light and 
heavy elements, but Chao’s results remove the validity from that argu- 
ment. 

All of the recent results obtained by the Pasadena group of observers 
are then favorable to the atom-building hypothesis, the main evidence for 
which is found, first, in the banded structure of the rays, second, in the 
energy relations found in Aston’s curve and in Einstein’s equation, and 
checked by observed penetrating powers translated into energies with 
the aid of the Klein-Nishina formula, and third in the practical lack of 
dependence of the rays upon latitude and direction. All these relations, 
except the last, are energy relations, and as such are quite independent of 
whether the rays are themselves photons or electrons. The last, however, 
speaks rather strongly in favor of photons, and indeed the photon hy- 
pothesis is much the simpler one, for when helium is formed out of hy- 
drogen, for example, or indeed when hydrogen is annihilated, there is no 
electron available to carry away the released energy, while an ether wave 
is in general the universal way in which, as we well know, Nature provides 
for throwing out surplus energy. The principle of minimum hypothesis, 
then, rather requires us to assume a photon until evidence to the contrary 
appears. So far as we can see none has appeared thus far. As soon as one 
of these photons strikes matter it will of course share its energy by a 
Compton encounter with an electron, about half the energy on the average 
remaining in the photon and half going into the electron, and there will 
be thus produced a beta ray. It is these beta rays, as the authors point 
out, that must yield the coincidences in the Bothe-Kolhérster experiments 
that have been repeated by Curtis. 

These experiments are of great importance because they show that 
beta rays of the enormous energies involved in the cosmic rays have a pene- 
trating power of the same order of magnitude as the cosmic rays themselves. 
This is a new and an important discovery, and it ts the whole significance 
of these experiments. Also that beta rays have absorption coefficients of 
the same order of magnitude as the cosmic rays means, of course, that 
there may be beta rays in the cosmic-ray beam that have come from as 
far as the beam itself. The practical lack of dependence on latitude of 
cosmic-ray intensities would indicate, however, that most of this beam 
reaches the earth in the form of ether waves or photons that cannot be 
influenced by the earth’s magnetic field and that therefore the beta rays 
are in the main produced in the earth’s atmosphere by Compton encounters 
with photons. Bothe and Kolhdérster suggest this possibility, though 
they argue against it. 

The Bothe-Kolhérster coincidence experiments say nothing as yet about 
the energies of the beta rays producing the coincidences. If the foregoing 
views are correct they gain their energies from the atom-building processes 
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discussed above, and these energies would therefore lie between 15 million 
and 500 million volt-electrons. If measurements upon these energies 
should reveal much higher values than these, then the theory of atom- 
building in interstellar space as the source of the cosmic rays would have 
to be abandoned. This theory postulates the drawing together of hy- 
drogen atoms into clusters under the low-temperature conditions existing 
in interstellar space and the occasional sudden clamping of these clusters 
into helium, oxygen, silicon, etc., when suitable probability conditions 
chance to be fulfilled. The formation of some of the heavier atoms from 
helium, after it has once been formed from hydrogen, is not, however, 
necessarily precluded. Temperature is supposed to be inimical to the 
foregoing clustering, which is antecedent to atom-building—a reason why 
such atom-building does not seem to be occurring in the stars, where, 
according to the astronomers, only atom-annihilation is occurring. 

The complete annihilation in one act, not of individual positive and 
negative electrons, but of the whole atom of hydrogen, helium, oxygen, 
silicon, etc., would indeed yield, if it could be reasonably assumed, some- 
thing like the right sequence of penetrating powers observed in the cosmic 
rays, but the energies released would:in that case be of the order 1, 4, 
15, etc., billion volt-electrons, instead of, as now seems most probable, 
one-thirty-fifth these amounts. If beta rays of any such energies as 
these higher values should ever be actually found to exist in cosmic rays 
it might be possible to reconcile the observed properties of these rays 
with the view favored by certain English physicists that they are the 
signals of atom-annthilating rather than atom-building processes taking 
place independently of temperature all throughout space. Space would, 
however, then have to be assumed to have many times more matter 
distributed throughout it than is found in the stars, so that a line drawn 
out in any direction from the earth would always pass through an amount 
of matter thick enough to absorb all these ‘‘annihilation rays’’ generated 
within it. This would make all directions alike, so far as radiations 
coming into the earth are concerned. 


1 Millikan and Cameron, Phys. Rev., 32, 533 (1928). 

2 Millikan and Cameron, Nature, 121, 19 (1928). 

3 Lindholm, Gerlands Beitrage zur Geophysik, 22, 141 (1929). 
4K. Steinke, Zeit. Phys., 42, 570 (1927), and 48, 647 (1928). 
5 Hess and Mathias, Wien Ber., 137, 327 (1928). 

6 Chao, Proc. Nat. Acad. Sci., 16, 426 (1930). 
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MOTION ON A LATTICE 
By C. Hewitr Dix 


DEPARTMENT OF MATHEMATICS, THE RICE INSTITUTE, 


Communicated May 9, 1930 


I. Introduction—Courant, Friedricks and Lewy! have outlined a 
procedure for solving boundary value problems of partial differential 
equations by considering the corresponding partial difference equations 
and allowing the mesh width to approach zero at some convenient stage 
of the game. The purpose of this paper is to take over some of their 
definitions and concepts and construct a lattice theory with no thought 
of any process in which the mesh width continually approaches zero. 

II. 1. A Calculus of Variations Problem.—A necessary condition 
that the function u(x;) must satisfy when? 


J =D F(xi, u(x) ue (x;)) Arr; (1) 
i=1 
is stationary is, 
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This result is obtained very simply by a process everywhere similar to the 
process for obtaining Euler’s equations from the condition 


'b 
; rd F(x, ¥(2), 9'(z))de = 0, (3) 


excepting that instead of an ordinary integration by parts, an Abel’s 
rearrangement is made of the terms in the finite sum. 

If we use the obvious extension of (2) to more independent variables, 
then the expressions for L(u) and M(v) given by C. F. L.* come immediately 
from the hypothesis 


8D G1) Blu, v) Ax; Ay; = 0. (4) 


2. Mechanics.—The similarity between the forms of (2) and of the 
Euler-Lagrange equations of mechanics suggests an investigation of a 
dynamics based on (2). There is also the problem of wandering motion 
on a lattice in which (2) is involved directly and so one may hope for a 
probability interpretation of mechanics via these processes—a desirable 
result from the point of view of the quantum physicist. 

For the case of the analogs of Laplace’s equation and the wave equa- 
tions the theory has been developed by C. F. L. The solution for the 
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wave equation for finite differences has been given by Boole‘ and more 
generally by G. C. Evans.’ This solution is identical with the solution 
of the differential wave equation—a striking result. Any wave differential 
equation may be replaced by the corresponding difference equation. The 
difference between the two cases will appear only when one can observe 
the difference between very small finite differences and differentials, i.e., 
no observation can choose one formulation and reject the other. 

2.1 Wandering Motion in a Linear Lattice—Consider a linear lattice 
of points whose coérdinates can be specified by . . . x-2, x-1, Xo, X41, X2, ... 
Let the lattice distance be 1. At each point let there be a clock and let 
all of the clocks be synchronous. 
Suppose there are particles at some 
of the lattice points. At the end of 
every unit of time each particle moves 
to a neighboring lattice point. A 
given particle is just as likely to pass 
to one neighbor as to another. Two 
particles can never occupy the same 
lattice point at the same time. Al- 
ternate lattice points are marked ‘‘+-”’ 
and ‘‘—.” The ‘‘+”’ lattice has par- 
ticles that are completely independent 
of the particles in the “‘—”’ lattice. 
Hence, we may suppose that initially only the ‘‘+’”’ lattice has particles. 
Let u(x;, t;) be the probability that a particle will be at x; at time ¢;. Then 


FIGURE 1 
An n-way lattice. 





u(x;, t;) = u(xj—1,tj~1) Senin. (5) 
Using the difference quotient notation, (5) may be written in the form 
Usz(Xintj)) — Ug(xist)) — Uz(x4,t;) — m(x;,t;) = 0 (6) 


supposing A, = A, = 1. It may be observed that (6) is the analog of the 
telegraphist’s equation. A solution of (5) or (6) is obviously u = 1 for 
“+” points and u = 0 for ‘“‘“—”’ points. 

2.2 Wandering Motion in n Directions.—C. F. L.° consider the problem 
of wandering motion on a square lattice. In such a case a wandering 
particle can move in four possible directions. ‘The methods still apply 
when the lattice is more general and the number of directions is any number. 

Consider a point P and about P draw a circle of radius h. Divide the 
circumference into m equal parts and draw radii from P to the centers of 
those parts. At the end of each such radius repeat the process so that n 
sets of » parallel radii are formed. Repeat this process without end, thus 
forming an n-way lattice (see Fig. 1). If m is odd there is no negative 
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of any direction. If ” is even we may still suppose that every possible 
direction is positive. Then every lattice point is determined by 1 co- 
ordinates (a;, do, ..., @,) = [a]. The probability that a wandering 
particle will be at [a] at the time¢+ lis E,+,[a]. Then E,+ ,[a] is the 
average value of the probability that the wandering particle will be at 
the neighbors of [a] at the time ¢; i.e., 


: Rae 
E,+:[a] = a 2 E,[a;] (8) 
where [a;] = (a, a2, ..., @; +h, ..., d,). Subtract E,[a] from both 
sides of (8). 
> + l - ~ 
E,+:la] — £, [a] = a» (E,[a;] — E,[a)]). (9) 
#=1 
B 
h 
FIGURE 2 


Interior sets (7; and i.) and boundary (B). 
If m is even, (9) reduces to 
n/2 


n(E,+ sla] — Ejlal) = Y Eslal),,7, (10) 


The expectation that a wandering particle will come to [a] is 


va] = p2 E, [a]. (11) 
= 0 
So if we sum (10) from ¢ = 0 to © we obtain 
n/2 
—nky (al = Y (lal (12) 
Pe 


E,[a] = 0 if there was no particle at [a] initially, otherwise E,)[a] = 1. 
The solution is then the Green’s function for (12).7 


a 
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2.3 The Limiting Case forn —> ©.—Equation (12) may be written 


in the form 
ola] = | ole) + Folal, (13) 
When n —> ©, (13) —> (14). 
v[a] = 5,_f va’d0 + Eylal. (14) 


It is interesting to notice that (14) has a form similar to an equation satis- 
fied by the principal solution of Poisson’s equation for an arbitrary dis- 
tribution of finite positive mass given by G. C. Evans:® 


U(P) = x { U(M)do + lim (1/2) J " (1/p)®(C,)dp. (15) 


However, U(P) and v[a] have quite different meanings, the mean value 
in the one case being taken around any circle of small enough radius to 


remain within the region, whereas 
the mean value in the other case is 
taken about a circle of radius h/ only. 

In the case of equation (13) it is 
interesting to note the full significance 
of a boundary value problem. Ex- 
tending the definition of the set of 
boundary points given by C. F. L.° 
we find the boundary is a strip whose 
least width is h (see Fig. 2). 

2.4 The General Lattice in 3- 
Space.—If we try to extend the above 
work to 3-space we find that we must 
restrict ourselves to the directions 
that are perpendicular to the centers 
of the faces of the regular solids. 
If we try to use more directions we 
find we cannot weight the directions 
equally. Very likely such a study 
will furnish methods for dealing with 
crystal problems. 

3. Application to a Diffraction 
Problem.—Imagine a cubical crystal 


+ 
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FIGURE 3 


lattice with lattice distance d. Mark neighboring points with opposite 
signs (+ or —). Suppose that initially all of the particles have “+” 
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positions. Let these particles wander in the manner of §2.1. The x-ray 
is also imagined as a wandering particle, but it is wandering down a linear 
lattice with lattice distance 4/2. The wandering particle on the x-ray 
lattice wanders into the lattice of the crystal. ‘Then we assume conserva- 
tion of momentum for the wandering x-ray particle plus the wandering 
crystal particles in a direction perpendicular to the linear x-ray lattice. 
Each wandering crystal particle has a momentum which is 

Aaction Ah 


Adistance 2d 


If it happens the number of crystal particles moving in one sense is m more 
than the number moving in the opposite sense then the total momentum 
in the given direction is h/2d. The momentum of the x-ray particle is 
h/d in the direction of its motion and (4/d) sin © in the sense opposite 
to the sense of the motion of the excess of crystal particles. Conservation 
of momentum then implies 


nh/2d = (h/d) sin © or m\ = 2d sin O. (16) 


The above treatment is somewhat similar to that given by Duane and 
Compton.'° The ‘wandering’ concept is, however, new, if I am not 
mistaken. It seems desirable to have as many mechanisms as possible 
in mind for such a critical phenomenon. 


1 Courant, Friedrichs and Lewy, Math. Annalen, 100, 32-74 (1928). This paper 
will be referred to hereafter as C. F. L. 

2 The definitions of u, and u, are given by u.(x) = (u(x + h) — u(x))/h, z(x)u = 
(u(x) — u(x — h))/h. See C.F.L., page 34. 

2C.F.L. See page 35. 

4G. Boole, A Treatise on the Calculus of Finite Differences, London, 1860, page 186. 

5G. C. Evans, Cambridge Colloquium Am. Math. Soc. See pages 99-100. 

6C.F.L. See pages 42-47. 

7C.F.L. See pages 40-41. 

8G. C. Evans, Am. J. Math., 51, 5 (1929). 

9C.F.L. See page 34. 

10W. Duane, Proc. Nat. Acad. Sci., 9 (May, 1923); and A. H. Compton, Jbid., 
(November, 1923). See also a paper (Jbid., (July, 1923)) by G. Breit. It is interest- 
ing to note that Breit gives what might be termed the wave analog of the present 
method. 
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THE ABSORPTION COEFFICIENT OF HARD y-RAYS 
By C. Y. CHao* 
NORMAN BRIDGE LABORATORY OF Puysics, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated May 15, 1930 


1. The relation between the frequency of hard radiations and the 
absorption coefficient is not experimentally well established at the present 
time. In order to obtain definite information it is necessary to use a 
radiation with high homogeneity. y-Rays from ThC” are found to ful- 
fill this requirement. Investigations of the absorption coefficient of these 
rays have been made by Russell and Soddy,! and Rutherford and Richard- 
son,” almost 20 years ago before the modern technique of sensitive current 
measurement was developed. It has also been measured recently by 
Bastings.* But as all of these observers used fairly divergent beams with 
the electroscope placed near the absorber, an appreciable amount of the 
scattered rays entered the electroscope. This tends to lower the apparent 
value of the absorption coefficient. In fact, in Bastings’ experiment this 
was purposely done in order to obtain the change of this apparent absorp- 
tion coefficient. It is therefore thought desirable to make measurements 
on a narrow beam by the use of modern sensitive apparatus so that the 
value of the absorption coefficient, experimentally determined, fits the 
ordinary definition and thus make possible a comparison with the theo- 
retical values of Klein and Nishina’s formula* and Dirac’s formula.*® 
The work is carried out for various elements to test the variation with 
the atomic number. 

2. Radio-Thorium is used as the radio-active source. It is separated 
from Ms-Th and is found to be quite pure from a measurement of the rate 
of decay. (The y-ray intensity changes from 3.595 to 3.210 in 115 days 
after the equilibrium state is reached. This gives the half period = 705 
days.) ThC” is formed after several transformations and is the source 
of y-rays used in this experiment. This latter element emits a narrow 
band of y-rays of wave-length around 4.7 X. U., which is quite intense 
and far removed from the remaining y-ray spectrum of the elements 
formed after Rd-Th. 

In determining the absorption coefficient, particular care is taken to 
secure a parallel beam and to avoid the scattered rays from the container 
of the source and the absorber. An apparatus similar to that of Kohl- 
rausch’ is used. The radio-active source is put in the center of a lead 
cylinder which is 32 cm. long and 32 cm. in diameter. A conical beam 
of semi-angle 2.5° is led out for observation. Lead filters of different 
thickness are used to cut off the soft y-rays. 

As measuring apparatus, Professor Millikan’s cosmic- ray electroscope 
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is used at a distance of 2 meters from the source. In a later group of 
experiments an ionization chamber connected to a vacuum electrometer 
of the type developed by Professor Hoffmann is used at a distance of 1 
meter from the source. 

The absorption coefficient is determined by measuring the ionic current 
due to y-rays with and without the absorber. Each reading is corrected 
for both the natural leak and scattering by subtracting the value of the 
ionic current observed when the lead cylinder is rotated through 6.5° so 
that the primary beam just misses the ionization chamber or the electro- 
scope. In the experiment with the electrometer, two sets of readings are 
taken for each substance; each set consists of about 10 readings with, and 
10 without, the absorber and 5 correction readings with, and 5 without, the 
absorber. The ratios of the initial reading to the final reading from two 
sets differ by less than 0.6%. The consistency of the correction readings 
is of about the same order. The probable error of the absorption coefficient 
computed from their mean is about 2%. 

The results obtained by the use of the electroscope and the electrometer 
agree very well. This work will be reported in more detail at a later date. 

3. The absorption coefficient of u of lead, for y-rays from ThC” which 
have been filtered through different thicknesses of lead, is given in table A, 


TABLE A 
uw OF PB AFTER DIFFERENT PB-FILTERS (BY ELECTROSCOPE) 
THICKNESS OF PB-FILTER, CM. pw (cmM.~!) 
0 0.88 
1.36 0.565 
2.72 0.515 
4.08 0.496 
5.44 0.487 
6.80 0.477 
TABLE B 
uw OF VARIOUS SUBSTANCES AFTER A PB-FILTER OF 6.8 CM. 
H:O Al Cu Zn Sn Pb 
p (density) 1.00 2.68 8.90 i « f 7.29 11.36 
No. of exterrial electrons in one 
atom 8+1+1 13 29 30 50 82 
up, calculated (for \ = 4.7 X. U., 
from Klein and Nishina’s 
formula) 0.0419 0.0973 0.306 0.248 0.231 0.338 
u, observed by electroscope 0.0438 0.1029 0.338 0.275 0.280 0.477 
u, observed by electrometer 0.0435 0.1023 0.335 0.274 0.278 0.478 
u, observed, mean 0.0437 0.1026 0.337 0.275 0.279 0.478 
n/p 0.0437 0.0383 0.0378 0.0383 0.0383 0.0420 


oe X N(= ue X 6.06 X 10%) 0.0787 0.0794 0.0829 0.0834 0.0909 0.1062 


where the first column gives the thickness of Pb-filters, and the second 
column gives the corresponding value of yu, which is obtained when a 
separate Pb-absorber is introduced in addition to the Pb-filter. 
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The absorption coefficient of various substances for y-rays from ThC” 
filtered through 6.8 cm. of lead is given in table B. 

The lead absorber is of 0.682 cm. thick, and the thickness of other 
absorbers is approximately equivalent to this. 

From the above table, it is seen that the value u, obtained by dividing 
the absorption coefficient 4 by the number of external electrons per cc., 
increases with the atomic number, while according to the theoretical 
formule it should be constant. This might be explained by the following 
alternatives. (1) A part of the scattering may be due to electrons inside 
the nucleus as suggested by Professor Millikan in a report made to the 
National Academy in Nov., 1929, in which cosmic rays were shown to 
exhibit this same effect in still greater degree. (2) The scattering of a 
tightly bound electron of the atoms of high atomic numbers may be 
greater than that of a loosely bound electron. (3) There may still be 
some true absorption due to the photo-electric effect. At present, an 
investigation of the process of scattering is being carried on which might 
possibly throw some light on these questions. 

I should like to express my gratitude to Professor R. A. Millikan and 
Professor I. S. Bowen for the suggestion of this experiment and their help 
in carrying it through, and also to Dr. H. N. McCoy who helped with the 
preparation of the Radio-Thorium. 


* Research fellow of The China Foundation for the Promotion of Education and 
Culture. 
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ON THE CONDITIONS OF ELICITATION OF CERTAIN 
EATING REFLEXES 


By B. F. SKINNER 
PSYCHOLOGICAL LABORATORY, BoyisTON Haut, HARVARD UNIVERSITY 


Communicated April 21, 1930 


The behavior of an intact organism differs from the reflex activity of a 
“preparation” chiefly in the number of its independent variables. An 
unconditioned reflex requires, for example, not only a stimulus of adequate 
intensity but a facilitating condition within the organism. Similarly a 
conditioned reflex depends upon a facilitating condition peculiar to its 
underlying unconditioned: reflex. The series of reflex acts by means of 
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which an animal seizes, chews and swallows its food will serve as an 
example. In an adult rat this behavior is elicited by certain olfactory, 
visual or tactual stimuli. But these stimuli do not always evoke the 
behavior characteristic of them, and we say, among other things, that the 
rat eats only when it is hungry. 

The resulting variability of behavior is typical of the sort which has led 
to protestations of the inadequacy of the reflex concept. But variability 
in the observed as against the predicted does not question the validity 
of a law if the variability is itself lawful. In this instance, for example, 
it should be possible, once having determined a measure of the ‘‘strength” 
of these reflexes, to investigate the conditions under which this strength 
changes and to eliminate the variability by describing it in a further law. 
Moreover, under the assumption that a facilitating condition within the 
organism is responsible for the variability, the laws of the variability are, 
ipso facto, the laws of the facilitating condition. 

One meets at once the difficulty of measurement. In spite of the fact 
that the measurement of reflex strength is common practice, the dimen- 
sions of a reflex have never been critically examined. In general, the 
practice has been to choose a convenient measure of the action of the 
appropriate effector. Thus the reflex contraction of a muscle may be 
measured in energy developed per unit time, a reflex rise in blood pressure 
in millimeters of mercury, a glandular reflex in milliliters of secreted 
material and so on. If there is no warrant for the assumption that the 
response of an effector (or of a motor nerve) is directly proportional to the 
physiological strength of a reflex, it is at least the most convenient measure 
at hand. Accordingly, in the following experiments it is assumed that 
under constant conditions the amount of food eaten per unit time is pro- 
portional to the strength of the series of eating reflexes. If the size of the 
separate pieces of food is uniform, the amount of food per unit time re- 
duces to the frequency with which the initial reflex (i.e., seizing a piece 
of food) is elicited. To obtain data on this frequency the following pro- 
cedure was devised. 

A white rat is placed in a sound-proof box in a sound-proof room. 
The box is 55 cm. X 50 cm. X 20 cm. and is continuously ventilated. 
Water is available at all times. Each rat is placed in the box at the same 
hour daily and eats its entire daily ration (with the exception of 5 grams 
of surface-dry lettuce leaf) before being removed. A feeding device per- 
mits the animal to obtain uniform pieces of a prepared food (20 pieces to 
the gram) in such a way as to make an electrical contact for each piece 
taken. The recording drum is in an adjoining room. A simple signal 
lever would suffice, but the records are more easily handled with a writing 
point devised to be lifted vertically one unit step for each contact. The 
record is a line running step-wise diagonally up the kymograph paper. 
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Since the time axis is traversed at a fixed rate (i.e., the speed of the kymo- 
graph), the slope of the line is determined by the frequency of the con- 
tacts, and the line is, indeed, a graph for this frequency. 
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FIGURE 1 


Sample records for two rats. Ordinates: number of pieces of 
food eaten; abscissae: time in hours from the beginning of the 
eating period. ‘The theoretical curves are for the equation N = 
Kt", where N is the amount of food eaten at time ¢. In both 
curves 2 = 0.68. In A, K = 3.87; in B, K = 1.75. 





Figure 1 gives sample records chosen at random for two rats. Without 
regard to the theoretical curves which have been drawn through the data, 
it is apparent that the frequency with which the rat repeats a series of 
eating reflexes diminishes in an orderly way throughout the eating period. 











436 PSYCHOLOGY: B. F. SKINNER Proc. N.A.S. 


The average time required to eat ten pieces of food at the beginning of the 
period is much less than, say, at the end of one hour. The transition from 
one rate to another is gradual. The regularity of the change is broken 
only by occasional periods when no eating takes place. These interrup- 
tions are capable of quantitative description, which must be delayed until 
further experiments are completed. For the present it may be noted that 




















Los Zz 


Five records for each of the animals in figure 1, plotted on logarithmic codérdinates (units 
arbitrary). The slope of the four limiting straight lines is for n = 0.68. 


there is usually a compensating increase in rate after an interruption, so 
that an even course is approximated. In many records (which are not, 
however, typical) no significant interruption occurs for as long as two 
hours. It will be noted that a limiting factor brings each record to an 
end, either suddenly or after a short period of reduced frequency, but 
that the rate has not closely approached zero when the animal stops 
eating. 
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The analysis of a large number of these records has demonstrated that 
they closely resemble curves for a power function and are to be described 
by the equation 


N=Kt", (1) 


where NV = amount of food eaten at time ¢ (counted from the beginning 
of the eating period), and K and m are constants. The smooth curves in 
figure 1 are for this equation. If this relationship holds, the data should 
plot as straight lines on logarithmic coérdinates. In figure 2 five records 
for each of the individuals in figure 1 are so plotted. The approximation 
to a straight line is in each case surprisingly good in view of the fact that 
deviations due to errors of recording or to incidental disturbances in the 
experimental box are additive throughout the record. 

In solving for the constants in equation (1) the procedure has been to 
take values from the straight line which appears most closely to fit the 
data when plotted logarithmically. In all of the records so far examined 
n has been of approximately constant magnitude (0.67 to 0.71). This is 
evident in figure 2, where the two sets of data (with slopes determined 
by m) are parallel. The constant K, given by the intercept on the log 
N axis, has so far been found to vary: (1) between animals (see Fig. 2); 
(2) with the amount of food eaten on the previous day (i.e.,. with the degree 
of “hunger’’); (3) with the conditions of the experimental procedure 
(for example, with the size of the pieces of food) and (4) of course, with 
the units chosen. If any three of these conditions are held constant, the 
order of variation of the fourth can be easily investigated. 

It has not been possible to vary the magnitude of m by varying any of the 
conditions of the experiment. It is the important constant in the equation 
so far as the kind of function is concerned, and its complete independence 
of experimental conditions indicates that it is, in effect (and as our assump - 
tion would imply), the description of a process. We can come directly to 
the characteristics of this process in this way: 

It follows from (1) that the rate of eating at any time ¢ is given as 


—=Knf- 2 

, n (2) 
Letting K’ = Kn(n — 1) and n’ = n — 1, the second derivative of (1) 
appears as 

d?N , 

— = K"{*-! 3 

72 (3) 
which is the rate at which the rate of eating varies with time. It thus 
describes the rate at which the facilitating condition changes. 
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Equation (3) is also for a power function (but in which the exponent is 
negative). The values of the constants are easily obtained from the data. 
Here again the constant which describes the character of the process is 
found experimentally to be practically invariable (about —0.3) over a 
wide range of conditions and with different animals. 

Discussion of the process underlying the conditions of facilitation of these 
eating reflexes (other than to note that it must obey the power law) may 
be delayed until the possibilities of this method have been more fully 
utilized. 


THE ENERGY REQUIREMENTS OF INTENSE MENTAL 
EF FORT 


By Francis G. BENEDICT AND CORNELIA GOLAY BENEDICT 


NuTRITION LABORATORY OF THE CARNEGIE INSTITUTION OF WASHINGTON, BosToN, 
MASSACHUSETTS 


Read before the Academy, April 28, 1930 


The popular tradition that fish is a brain food has given way to the 
idea that mental effort demands calories. It is the experience of nearly 
every one that intense, sustained mental effort results in a feeling of pro- 
found fatigue, not only in mind but likewise in the entire body. The 
disposition instinctively to seek fresh air, to open a window and to stretch 
the limbs after a period of mental work is pronounced. Is the effect of 
mental effort upon the general vital processes in any sense commensurate 
with this subjective feeling of profound fatigue? The problem has been 
an alluring one and contributions have been made to it intermittently for 
thirty or more years. At the present day, although the results are most 
divergent, the consensus of critical opinion is that mental work has some- 
what of an influence upon the metabolism, that the effect varies with the 
intensity of the work, and that there is a great difference in the effect pro- 
duced by various kinds of mental effort. The factors most readily and 
most clearly studied in their relation to mental effort are the pulse rate, 
the respiration rate and, indeed, the entire mechanics of respiration, the 
carbon-dioxide production and the oxygen consumption. Measurement of 
these last two factors gives a direct means for computing the total energy 
transformation or the metabolism. 

In any experimental procedure the ideal situation would be to measure 
the metabolism when the subject is in digestive repose, i.e., 12 hours after 
the last meal, perfectly quiet, muscularly relaxed, and as nearly as possible 
in a state of mental vacuity. Upon this basal condition should then be 
superimposed the factor of intense mental activity. Since this super- 
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imposed factor introduces the element of “‘attention’”’ or alertness, one 
first seeks to study the influence upon metabolism of simple attention 
without an excessive amount of mental activity. Simple attention means 
the receptivity of the mind and the reaction either by finger movement 
or by speech to an auditory stimulus, such as an electric bell or a buzzer, 
or to an ocular stimulus, such as red and white lights appearing in the 
field of vision, the subject showing his discrimination between the colors 
by pressing a telegraph key once for the white light and twice for the red. 
Neither of these reactions calls for particular mental effort, and yet both 
do introduce the element of attention with slight discrimination. Finally, 
there is the question of the mental effort itself. A glance at the literature 
shows that innumerable attempts at studying mental effort have been 
made, ranging from the simple reading of a daily paper to complicated 
mathematical calculations by mental operation solely. Learning of non- 
sense syllables and memorizing passages that are being read are other 
types of mental work. But, according to all the earlier literature, the 
common opinion is that mental arithmetic problems in simple multiplica- 
tion call for the most sustained and intense effort and the effort made in 
such problems can be approximately quantitated. 

In our series of experiments we measured the metabolism, first, during 
as nearly as possible complete muscular repose and with mental vacuity, 
then during “‘attention,” and finally during mental effort, consisting usually 
in the solving of arithmetic problems such as the multiplication of two 
figures by two other figures, the whole process being carried out mentally. 
For our subjects we had 6 different individuals, one woman (subject VI) 
and 5 men, all of whom we required first to become well accustomed and 
trained to the technique for measuring the respiratory exchange, before 
we began our study of the effect of mental effort. To measure the respira- 
tory exchange, we employed as a breathing appliance a helmet which, 
for the first time in such studies, permits free vision with no discomfort 
from holding a mouthpiece or wearing a nose-clip. Subjects can wear this 
helmet without previous training for two or three hours at a time with 
perfect comfort. Under these conditions we have the least interference 
with mental operation. 

The heart rate was directly obtained by means of a cardiotachograph 
of Dr. Ernst P. Boas, of the Montefiore Hospital, New York. With this 
instrument each heart beat is magnified by radio amplification and is 
recorded, entirely unknown to the subject, on a smoked drum, along with 
time marks. The respiration rate and the depth of respiration were 
recorded by writing on a kymograph drum attached to the spirometer, 
into which the subject breathed. The respiratory system that we used 
consists of a closed air-circuit, including the helmet, which is made air- 
tight around the neck by means of a light-weight bathing cap. A rotary 
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blower withdraws the air from the helmet, passes it through an absorbent 
for carbon dioxide, and returns the air to the helmet carbon-dioxide-free. 
The oxygen absorbed by the subject is replaced by a fresh supply, intro- 
duced through a meter. The spirometer provides for the expansion and 
contraction of air in the closed system with each respiration, and the 
pointer on the counterpoise of the spirometer writes the characteristic 
respiratory curves on a revolving kymograph drum. The oxygen con- 
sumed is measured directly by the meter. In most of our experiments the 
carbon-dioxide production was likewise determined by weighing the vessel 
for absorbing carbon dioxide at the beginning and end of each period of 
measurement. 

In another series of experiments the respiratory system was ventilated 
by passing outdoor air deprived of carbon dioxide into the helmet, with- 
drawing the expired air by the blower, passing it through a calibrated 
meter, and drawing an aliquot sample for analysis on the extremely exact 
gas-analysis apparatus of Dr. T. M. Carpenter. In many instances the 
two methods were combined, the carbon-dioxide production and the 
oxygen consumption being determined by weighing the absorbers, by gas 
analysis and by the meter readings. In all cases the agreement in the re- 
sults was perfect. 

In a typical experiment the subject, not having eaten since six o'clock 
the evening before, comes to the Laboratory, lies down quietly in a quiet 
room, covered with blankets, the electrodes are adjusted over the heart, 
the helmet is placed on the head, and the ventilation immediately begins. 
At times, entirely unknown to the subject, the absorbing vessels are 
changed, samples of the expired air are taken, and thus measurements are 
obtained as frequently as desired. During the basal periods the subject 
is cautioned to remain perfectly quiet and tranquil, and to engage in no 
mental work. The difference between the type of mental effort made 
during the second part of the test and that ordinarily existing in a person 
lying quietly on a sofa is so great, however, that no matter what the mental 
activity of the subject while lying in the preliminary experiments, it is so 
infinitely less than that called for in the mental work periods that the 
preliminary experiments may still serve as a base line, even if the subject 
is not in an ideal state of mental vacuity. 

Following the rest periods the subject is asked to respond to some 
stimulus, either ocular or auditory. This stimulus consists of flashing 
lamps or more commonly of ringing a simple buzzer. Each time the 
lamps are flashed, the proper lamp and the subject’s response are recorded 
on the kymograph, so that the discrimination as well as the time for the 
response can be recorded graphically. This test showed in all cases that 
our subjects were duly attentive. Similarly, with the buzzer the responses 
invariably coincided with the stimuli. 
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The ‘‘attention’” periods were succeeded by several periods of mental 
activity. The first one, consisting usually of about 10 minutes of mental 
effort, was termed a “preliminary period.” This was followed by three 
or four 15-minute periods of sustained mental effort. The mental effort 
consisted in solving, without writing or talking aloud, certain multiplica- 
tion problems, a typical one being to multiply 76 by 69. The investigator 
gave the problem verbally, in a clear voice. A new problem was given as 
soon as the subject indicated by a tap on the telegraph key that the pre- 
vious one was solved. Three or four 15-minute periods of such mental 
activity followed each other in succession. Then the problems ceased, 
and there were periods either with no stimuli or with the buzzer stimulus. 
Occasionally, after two or three periods of repose there was a second series 
of periods (two or three in number) with mental effort, followed again by 
periods of repose. 

Perhaps the most pronounced result was the rather striking change in 
the mechanics of respiration. The depth and the rate of respiration, 
which during the periods of repose were very regular, were greatly altered 
by the superimposition of the mental effort and became noticeably ir- 
regular. Measurement of the height of each respiratory expiration on 
the spirometer curve made it possible to sum up the total volume of air 
passing through the lungs, and it was found that usually there was an 
increased respiratory volume during the mental work. (See table 1.) 
The respiration rate per minute, however, increased but insignificantly 
during the mental work. The heart rate was increased on the average 
five beats per minute, although the woman (subject VI) showed an increase 
of 12 beats per minute. 


TABLE 1 
EFFECT OF MENTAL EFFORT ON THE HEART AND RESPIRATORY ACTIVITY 


(Average values per minute) 


VENTILATION OF THE 
LUNGS 
HEART RATE RESPIRATION RATE REST WORK 





SUBJECT REST WORK REST WORK LITERS LITERS 
I 62 64 15 16 5.2 5.7 
II 55 61 15 18 5.5 6.3 
Ill 60 62 14 16 5.0 5.6 
IV 54 a 15 7.2 7.7 
Vv 73 77 17 15 5.8 6.7 
VI 55 67 10 11 3.9 5.0 
Average 60 65 14 15 5.4 6.2 


The repose periods following mental work indicated in all instances a 
tendency for a return to the original respiration rate and depth of respira- 
tion and a return to the original heart rate. The results of the second 
mental work series duplicated in most part those of the first. There was 
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no indication of a summation effect or of a greater increase in the second 
mental work series over the first. Furthermore, during the progress of 
the one hour of mental work (four 15-minute periods) there was no evi- 
dence of any greater effect upon the respiratory and the heart activity 
during the later periods than during the first period (which followed an 
adjustment period of 10 minutes). 

Of greatest physiological interest, however, is the measurement of the 
gaseous exchange, which in turn permits the calculation of the energy 
transformations. As has been found in innumerable earlier results, the 
carbon-dioxide production per minute was invariably somewhat increased 
during the mental work. (See table 2.) But this of itself does not neces- 
sarily indicate a true increase in metabolism, for with a marked change in 
the mechanics of respiration one could easily expect a draft upon the 


TABLE 2 
EFFECT OF MENTAL EFFORT ON CARBON-DIOXIDE PRODUCTION 


(Cc. per minute) 


SUBJECT I Ba Im Iv Vv vI 
Rest 178 173 174 202 149 139 
Work: 

Period 1 183 197 184 210 168 159 
Period 2 183 179 185 205 160 156 
Period 3 180 177 183 209 159 157 
Period 4 178 179 nies se es 160 


relatively large amounts of previously formed carbon dioxide stored in the 
body, and hence an increase in the exhalation of carbon dioxide without a 
relative increase in the metabolism itself. The general course of the 
carbon-dioxide exhalation was, however, an increase in the mental work 
periods, followed by a decrease in the return to rest and again an increase 
in the second series of mental work periods. There was no cumulative 
effect in this increase, for at the end of an hour (usually divided into four 
15-minute periods) of severe mental effort the amount of carbon dioxide 
exhaled was not greater than during the first 15 minutes. 


TABLE 3 
EFFECT OF MENTAL EFFORT ON OxyYGEN CONSUMPTION 


(Average cc. per minute) 


SUBJECT REST WORK 
I 208 210 
II 212 219 
III 232 241 
IV 242° 247 
Vv 174 187 
VI 181 191 


Average 208 216 
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It is in the oxygen consumption that we have the greatest interest, for 
the oxygen consumption represents more nearly the true increase due to 
oxidative activities or metabolic processes as a result of any superimposed 
factor. In general, in the mental work periods (see table 3) there was a 
slight increase in the oxygen consumption, usually not as great as in the 
carbon-dioxide production but nevertheless a positive increase, followed 
by a decrease in the rest periods and an increase again during the second 
series of mental work periods. It thus appears that the oxygen measure- 
ment indicates a true increase in the metabolic processes. 

The fact that the carbon-dioxide exhalation is increased at a different 
rate from that of the oxygen consumption leads naturally to the supposition 
that the respiratory quotient, that is, the ratio between the carbon dioxide 
exhaled and the oxygen absorbed, is different during the periods of mental 
work from what it is during the periods of repose. In most of our 
experiments there was a tendency for the respiratory quotient to in- 
crease slightly during the mental work. The interpretation of this in- 
crease may be two-fold. One can argue that there is a change in the type 
of material burned and that mental effort calls for a somewhat larger pro- 
portion of carbohydrate. This would be in line with the present theories 
with regard to the exclusive combustion of carbohydrate during severe 
muscular work. Such a conclusion is by no means justified, for we have 
here to do with very considerable changes in the mechanics of respiration. 
Hence, the seeming increase in the respiratory quotient may well be merely 
an expression of the differences in the amount of air passing through the 
lungs or an indication of the washing-out of carbon dioxide. 

Our conclusion in general, therefore, is that with intense, sustained 
mental effort, such as in multiplication, there is a noticeable increase in 
the heart rate, a rather considerable change in the character of the respira- 
tory movements, an increase in the volume of air passing through the 
lungs, a small increase in the carbon-dioxide production, a smaller increase 
in the oxygen consumption, and consequently a slight increase in the 
apparent respiratory quotient. The increase in oxygen consumption, 
which may be taken as the best index of energy transformations, is such 
as to suggest that the increase in heat production as « result of intense 
mental effort of this type can hardly be of the order of more than 3 or 
4 per cent. In view of the sense of extreme, almost overpowering fatigue 
in both mind and body following sustained mental effort, it is surprising 
that mental effort has such an insignificant effect upon the general metabo- 
lism or level of vital activity. 
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BENDING OF CURVED TUBES! 


By WILLIAM HOVGAARD 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
DEPARTMENT OF NAVAL ARCHITECTURE, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


Read before the Academy, April 29, 1930 


In an earlier paper? an account has been given of formulas which the 
author developed for calculating the displacements and deformations of 
curved tubes subject to bending by compressive end forces, as indicated 
in figure 1. Formulas were given also for determining the longitudinal 
stresses in the pipe wall. It was explained that when a curved pipe is 
subject to a bending couple, tending for instance to increase the curvature, 
the stress forces will cause a deformation of the transverse section, which 
becomes an oval with its minor axis in the plane of bending, see figure 2. 








Hereby the material farthest from the neutral axis is largely relieved of 
longitudinal stresses and the maximum values of these stresses, instead 
of occurring at the top and bottom of the section, as in bending of a solid 
bar, occur at points much nearer to the neutral axis. The result is that 
equilibrium between the external bending moment and the internal stress 
couples will not be established until the bend has taken an angular de- 
flection much greater than in the absence of deformation of the section. 
Hence, also, the linear displacement of the ends of the pipe are much greater, 
a point which is of great importance to the engineer in the so-called expan- 
sion bends used in steam pipes to provide for expansion due to a rise in 
temperature. Tests made at the Massachusetts Institute of Technology 
in 1926 on two pipe bends, one of 4!/2 in. and one of 6 in. diameter, were 
described and an analysis was given of these as well as certain other tests. 
The result was a good confirmation of the theory. 

Since that time the author has developed the theory further and made 
a number of additional full scale tests as recorded in table 1. 

Detailed reports of these tests, with the exception of No. 10, are given 
in four papers published in the Journal of Mathematics and Physics, 
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TABLE 1 
ORIGIN OF PIPE rg WHEN 2r R- 

NO. BEND : IN, TESTED t 2r K SHAPE 
1. Boston Navy Yard 41/, 1926 39.2 3.0 Py Siena Se 
2. Walworth Mfg. Co. 6 1926 24.2 4.7 2.07 R:) 
3. Boston Navy Yard 91/2 1928 36.5 4.6 3.19 a 
4. Boston Navy Yard 14 1928 35.6 5.9 2.44 re 
5. Walworth Mfg. Co. 6 1928 24.2 4.7 2.07 Rta 
6. National Tube Co. 8 1929 15:2 4.4 1.53 mn 
7. National Tube Co. 10 1929 19.5 3.2 1.61 om 
8. National Tube Co. 12 1929 27.8 4.8 3.82. “* 
9. Walworth, Stone & Webster 6 1929 18.0 4.9 Lie 

10. Tube Turns Co. 12 We: 023. iA te.“ 


Note: The symbols used in this table are defined in the Appendix. 


M.I.T.’ We shall here give a brief outline of the tests, together with the 
principal results of their analysis, and in the Appendix we give the formulas 
as finally adopted, accompanied by a brief explanation. 

The primary object of the 1926 tests was to determine the displacement 
Ax of the ends of the pipe bend when subject to compressive end forces. 
The longitudinal strains in the pipe wall were measured by Berry strain 
gauges and it was attempted also to measure the transverse strains by this 
means, but on account of the strong curvature of the pipes and the rela- 
tively large span (2”) of the gauges, the result was unsatisfactory. It was 
decided therefore to test pipes of larger diameter. 

In 1928 a 9'/s-in. and a 14-in. pipe were tested, but as it was still found 
difficult to make corrections for the curvature of the section, a new method 
of determining the transverse strains was developed. The diameters all 
around the section were measured with a micrometer caliper in the un- 
strained and the strained condition and from the changes in diameter so 
obtained the changes in curvature and hence the transverse strains were 
calculated. This method gave more consistent and in general more accu- 
rate results than obtainable by direct strain measurements. 

Later in 1928 these tests were supplemented by one on the lyre-shaped 
6-in. pipe, listed as No. 2, which had been but slightly overstrained. This 
test is listed as No. 5 in the table. 

The principal objects of the 1928 tests were first, to get further con- 
firmation of the formulas, and second, to obtain a criterion for the strength 
of pipe bends. For this purpose the pipes were tested to destruction, that 
is, until they were unable to hold the load to which the hydraulic machine 
was set. The point at which breakdown occurred was fairly well defined, 
being characterized by a decided drop in pressure in the machine and by 
a progressive reduction in the length of the base line OL in figure 1. 

Another point carefully observed was that at which the shortening of 
OL ceased to be proportional to the increment of the pressure P exerted 
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by the machine. This point is here referred to as the elastic limit of the 
pipe as a whole. 

So far the tests had been made on pipes designed for moderate pressures, 
but in view of the increase in steam pressures during recent years, it was 
considered desirable to test some high-pressure pipe bends, especially for 
the purpose of obtaining a more generally applicable strength criterion. 
Hence, in 1929, when further tests were made on five bends, three of these, 
viz., No. 6, 7 and 9, were for working pressures of 600 Ib. per sq. in. 


Fig. 3 
/2 in. TUBE TURN 
CURVES FOR STRESS, P= 20000 /b, 


Pp, * Cale. long. stress R, * Obs. Jong. stress 
AB * Cake. transy stress Az * Obs. transv stress 
2 * Equivalent stress 
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In tests No. 8, 9 and 10, a new strain meter, the Huggenberger tenso- 
meter, was tried. This instrument, of which nine were available, seemed 
to give fairly satisfactory results. 

The pipes from No. 1 to No. 9, inclusive, were bent to a radius of curva- 
ture of from three to six times the diameter of the pipe, but in No. 10, 
which was a so-called ‘“Tube-Turn”’ of 12 in. diameter, the radius of curva- 
ture was only one and one-half times the diameter, the pipe being shaped 
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by a special process. It was not expected that the formulas used for pipes 
of more easy curvature would be applicable to tube-turns, and attempts 
were made to develop special formulas, but it was not found possible to 
obtain a solution which was sufficiently simple to be of practical value. 
Contrary to expectations, however, the formulas used in previous analysis 
gave very good results in this case. 

The analysis of the tests led to the following general conclusions: 

1. The observed displacements, Ax, of the ends of the bends relative 
to each other and the deflection of the point B at the top of the transverse 
section (Fig. 2), Ayg, showed a close correspondence with the calculated 
values so long as the bend as a whole was within the elastic limit. 

2. A good correspondence was 


found between the calculated fig. 4 

and observed stresses so long as . 

the bends were well within the _ & Tube jurn 

elastic limit, but when this point Section at Jop of Bend 
was passed, the observed maxi- Distribution of Strain Lines 


mum stresses generally exceeded 
the calculated values. This dis- 
crepancy is believed to be due to 
local flow of the material. Figure 
3 shows curves for longitudinal 
and transverse stresses calculated 
by the formulas (5), (6) (8) and 
(11) (see the Appendix) for the 
12-in. Tube-Turn for a load of 
20,000 pounds, which was close to 
the elastic limit of the bend. The 
stresses at any given point are 
plotted along a line through the 
point parallel with the neutral axis. 

3. The displacements, Ax, which directly measure the elastic yielding 
capacity of the bends, seem to be dominated by the magnitude of the 
longitudinal stresses, while the transverse stresses, although generally 
much greater, seem to have little influence on the deflection of the pipe as 
a whole. ‘This may perhaps be explained by the fact that the transverse 
stresses are of opposite sign on the inner and outer surface, changing sign 
at the middle surface. It is proposed, therefore, to use the longitudinal 
stress ~:, calculated from formula (5) in the Appendix, as the strength 
criterion. It was found that so long as this stress did not exceed 20,000 
Ib. per sq. in., there was no appreciable permanent set in the bend. Yet 
it is likely that when this value is reached, local overstrains actually exist 
and repeated applications of the same load may in time produce a per- 








‘ 





448 ENGINEERING: W. HOVGAARD Proc. N. A. S. 


manent set of the whole bend. It is recommended, therefore, to design 
pipe bends for a calculated stress of 16,000 Ib. per sq. in. 

A special study was made of the occurrence of plastic flow in the material. 
This phenomenon was directly evidenced by the appearance of strain lines 
(Liiders’ lines) on the surface of the pipes and in some cases by a move- 
ment of the pointers of the tensometers after the load had become sta- 
tionary. 

It appears that plastic flow takes place along well-defined longitudinal 
zones and that the strain lines begin to appear a little after the bend as a 











FIGURE 5 


whole has reached its elastic limit. Figure 4 shows diagrammatically the 
distribution of the strain lines around the contour of the section of the 12-in. 
Tube Turn. 

The strain lines were generally well defined, in some pipes showing on 
the bare metallic surface as rather fine lines. In other pipes, which were 
covered with mill scale, they were more coarse, being revealed by the 
cracking of the scale, as shown in figure 5. The lines were mostly diagonal, 
but in some cases they ran longitudinally, in others transversely. 

On figure 3 is shown also a curve marked p, giving the “equivalent” 
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stress calculated by formula (13) in the Appendix. When p, exceeds the 
yield point of the material, plasticity should occur according to theory. 
This point was probably reached in the lower part of the pipe section 
where ~, reached a value of 30,000 Ib. per sq. in. 


Appendix. Formulas Used in the Analysis of the Bending of Curved Tubes 


Some of the following formulas, viz. (1) to (5) and (12), were given in the 1926 paper 
of these PROCEEDINGS. 


Let 

R- = Radius of curvature of axis of pipe 

2h = Wall thickness 

r = Radius of section of middle surface of pipe wal 

K = Non-dimensional coefficient 
_ 48 h®R? + 1014 (1) 
48 A®R? + x8 

E = Modulus of elasticity 7 

¥ = Moment of inertia of area of transverse section of pipe wall about its neutral 

axis 
M = Bending moment 
dy = Angle of small arc of pipe axis 


Ady = Change in dy due to flexural strain 
Then the longitudinal strain at any point S (Fig. 2) in the pipe wall distant y from 
the neutral axis of the transverse section is approximately: : 


i 1 Ad 
4 = a? op = »») (2) 


where Ay is the deflection at S. 
It was found that the rate of change of angular deflection is: 


Ady KMR 
ae @) 


and 


Pe KMR 120 résin’9 4) 
7 = "EI 480 h®R? + 101 r4 





As in the 1926 paper, the strain « is regarded.as a simple strain due entirely to the 
longitudinal stress p; and hence 


KMrf/. 6r‘ sin*6 5 
hee eee ” 





The transverse strain ¢ produced by deformation of the section is likewise regarded as 
a simple strain and is determined from the calculated changes in curvature of the section. 
The transverse stress is found from: 


is KMr 182r? R cos 20 
pe = Fes Pere | eer are 
: i 24h? R2 + 5r4 





(6) 
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where z is the radial distance of the point under consideration from the middle surface 
of the pipe wall. At the outer and inner surface of the pipe z is replaced by + Ah, re- 
spectively. 

The stresses and strains as found from (5) and (6) are referred to as ‘“‘calculated’’ to 
distinguish them from those found on the basis of measurements, which are referred to 
as “‘observed”’ stresses and strains and are denoted by the suffix (0). We distinguish 
simple strains, produced by a single stress, from those which result from the combined 
effect of two or more stresses, by placing a bar over the letter ¢ as in (5) and (6). 

The observed longitudinal strains, being obtained by direct measurement, are clearly 
due to the combined effect of longitudinal and transverse stresses and are denoted by ¢€q. 

The observed transverse strains are calculated from the measured diameters. First 
the radii of curvature are found on the assumption that the section is elliptic and the 
strain is then given by the formula: 


“a 1 
= = #(7-7) 7) 


where r and 7’ are the radii of curvature before and after deformation, respectively. 
The strain so obtained is regarded as simple, that is, unaffected by the longitudinal 
stresses,‘ so that the observed transverse stress is found simply from: 


ba = Een. (8) 
The observed longitudinal stress if from the theory of elasticity: 
m? E €02 
Po = ae (« + a (9) 
m? — 1 m 
where m is Poisson’s constant, and the combined strains are: 
a €02 
m= ao! 
m 


(10) 


- €01 
SS . 
m 


Eliminate ¢o from these equations, find ¢ and substitute in (9). We find then the 


observed longitudinal stress: 
& 
pa = B(« + > (11) 
m 


The flattening of the transverse section was characterized by the deflection Ayz at the 
top of the section and was calculated from (4) by putting sin @ = 1. 

The shortening of the base line OL, figure 1, due to the compressive end forces P, is 
found from: 


P i 
=— Ky'd 12 
Ax =F nia (12) 


where the integration extends along the axis of the pipe from O through Fto L. This 
formula enables the engineer to calculate the P-forces at the anchorages of the pipe, 
and hence the stresses in the bend, when a pipe line expands by a known amount Ax 
due to a rise in temperature. 

The condition of plasticity in two-dimensional stress is expressed by: 
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pi? — pido + pr? = pe (13) 


where , is a quantity, referred to in figure 3 as the “equivalent” stress. When this 
reaches the yield point of the material, plasticity should occur according to the theory. 
This formula is often referred to as the Huber-von Mises-Hencky equation, from the 
names of its authors, and is supported by the results of recent researches.® 


1A more detailed account will appear in the Proceedings Third Intern. Congress for 
Applied Mechanics, Stockholm, 1930. 

2 W. Hovgaard, these PROCEEDINGS, 12, 365 (1926). 

3 W. Hovgaard, M. I. T. J. M. & P.: First Paper, Vol. 6, No. 2, 1926. Second 
Paper, Vol. 7, No. 3, 1928. Third Paper, Vol. 7, No. 4, 1928. Fourth Paper, Vol. 8, 
No. 4, 1929. 

4In the analysis given in the third paper and the main body of the fourth paper 
(M.I. T., J. of M. and P.) all the strains, calculated as well as observed, were regarded 
as “‘combined,” but as regards «, « and em this may be open to question, and since a 
much simpler result is obtained by regarding these three strains as simple, this view 
was finally adopted. 

5 RoS and Eichinger, Second Int. Congr. Appl. Mech., Ziirich, 1926. 














